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Abstract. Let C be a fusion category which is an extension of 
a fusion category T> by a finite group G. We classify module 
categories over C in terms of module categories over T> and 
the extension data (c, M, a) of C. We also describe functor 
categories over C (and in particular the dual categories of C). 
We use this in order to classify module categories over the 
Tambara Yamagami fusion categories, and their duals. 
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l. Introduction 

Let C be a fusion category. We say that C is an extension of the fusion 
category D by a finite group G if C is graded by the group G in such a way 
that C\ = T>. In [5j Etingof et. al. classified extension of a given fusion 
category T> by a given finite group G. Their classification is given by a triple 
(c, M, a), where c : G — > Pic(D) is a homomorphism, M belongs to a torsor 
over H 2 (G, inv(Z(T>))), and a belongs to a torsor over H 3 (G, k*). The group 
Pic(T>) is the group of invertible D-bimodules (up to equivalence), and the 
group inv(Z(T>)) is the group of (isomorphism classes of) invertible objects 
in the center Z(T>) of T>. 

Let us recall briefly the construction from |5j. Suppose that we are 
given a classification data (c,M,a). The corresponding category C will be 
®g<=G c (#) as a ^-bimodule category. If we choose arbitrary isomorphisms 
c(g) M-p c(h) — > c(gh) for the tensor product in C, the multiplication will 
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not necessarily be associative. This non associativity is encoded in a coho- 
mological obstruction 03(c) € Z 3 (G,inv(Z(T>))). The element M belongs 
to C 2 (G,inv(Z(V))), and should satisfy dM = 3 (c) (that is- it should be 
a "solution" to the obstruction 03(c)). If we change M by a coboundary, 
we get an equivalent solution. Therefore, the choice of M is equivalent to 
choosing an element from a torsor over H 2 (G,inv{Z{T>))). Given c and M, 
we still have one more obstruction in order to furnish from C a fusion cate- 
gory. This obstruction is the commutativity of the pentagon diagram, and 
is given by a four cocycle 0^(c, M) G Z 4l (G,k*). The element a belongs to 
3 (G, k*), and should satisfy da = 0±{c, M). We think of a as a solution to 
the obstruction 0±(c,M). Again, if we change a by a coboundary, we will 
get an equivalent solution. Therefore, the choice of a can be seen as a choice 
from a torsor over H 3 (G, k*). 

We shall write C = T>(G, c, M, a) to indicate the fact that C is an extension 
of P by G given by the extension data (c, M, a) , and we shall assume from 
now on that C = T>(G, c, M, a). 

In this paper we shall classify module categories over C in terms of module 
categories over T> and the extension data (C,M,a). 

Our classification of module categories will follow the lines of the classifi- 
cation of [5]. We will begin by proving the following structure theorem for 
module categories over C. 

Proposition 1.1. Let C be an indecomposable module category over C. There 
is a subgroup H < G, and an indecomposable Ch = ©asff module category 
N which remains indecomposable over T> such that C = Ind^ (W) = C ^c H 

M. 

This proposition enables us to reduce the classification of C-module cate- 
gories to the classification of C^-module categories which remains indecom- 
posable over T>, where H varies over subgroups of G. 

In order to classify such categories we will go, in some sense, the other way 
around. We will begin with an indecomposable D-module category M, and 
we will ask how can we equip N with a structure of a Ch module category. 

As in the classification in [5], the answer will also be based upon choosing 
solutions to certain obstruction (in case it is possible). We will begin with 
the observation, in Section [21 that we have a natural action of G on the set 
of (equivalence classes of) indecomposable D-module categories. This action 
is given by the following formula 

g ■ M = C g M v N. 

If M has a structure of a C#-module category, then the action of Ch on M 
will give an equivalence of P- module categories h ■ M = J\f for every h € H. 
In other words- N will be H -invariant. We may think of the fact that N 
should be //-invariant as the "zeroth obstruction" we have in order to equip 
M with a structure of a C^-module category. 

In case M is iif -invariant, we choose equivalences ip a : C a Mx> N — > M 
for every a G H. We would like these equivalences to give us a structure 
of a C#-module category on N ' . As one might expect, not every choice of 
equivalences will do that. If J\f has a structure of a Cf/-inodule category, 
we will see in Section U] that we have a natural action of H on the group 
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r = Autx>{M). In case we only know that J\f is H- invariant, we only have an 
outer action of H on V (i.e. a homomorphism p : H — )• Out(T)). The first 
obstruction will thus be the possibility to lift this outer action to a proper 
action. 

Once we overcome this obstruction (and choose a lifting <3? for the outer 
action), our second obstruction will be the fact that the two functors 

F U F 2 : C a M v C b Mx> W\f ->■ N 

defined by 

Fi(X M Y M N) = (X ® Y) <g> N 

and 

F 2 (X MY M N) = X ® (Y ® N) 
should be isomorphic. We will see that this obstruction is given by a certain 
two cocycle 2 (J\f,c,H,M,<$>) G Z 2 (H, Z(Aut v (J\f))). A solution for this 
obstruction is an element v G C 1 (-ff, Z(Autx>(M))) that should satisfy dv = 
2 (N,c,H,M,<S>). 

Our last obstruction will be the fact that the above functors should be not 
only isomorphic, but they should be isomorphic in a way which will make the 
pentagon diagram commutative. This obstruction is encoded by a three co- 
cycle 03(J\f,c,H,M,$,v,a) G Z 3 (H,k*). A solution (3 for this obstruction 
will be an element of C 2 (H, k*) such that df3 = O s (J\f, c, H, M, v, a). 

We can summarize our main result in the following proposition: 

Proposition 1.2. An indecomposable module category over C is given by a 
tuple (J\f, H, <£, v, (3), where M is an indecomposable module category over T>, 
H is a subgroup of G which acts trivially on J\f, $ : H — > Aut{Autj){J\f)) 
is a homomorphism, v belongs to a torsor over H 1 ^, Z(Autx>(M))), and j3 
belongs to a torsor over H 2 (H, k*). 

We shall denote the indecomposable module category which corresponds 
to the tuple (J\f,H,^,v,P) by M(J\f,H,®,v,/3). In order to classify mod- 
ule categories, we need to give not only a list of all indecomposable module 
categories, but also to explain when does two elements in the list define equiv- 
alent module categories. We will see in Section [6] that if A4(J\f, H, <I>, v, f3) 
is any indecomposable module category, g G G is an arbitrary element and 
F : C g Md J\f = M' is an equivalence of P-module categories (where N' is 
another indecomposable D- module category), then F gives rise to a tuple 
(A/ 7 , gHg^ 1 , v' , (3') which defines an equivalent C-module category. Our 
second main result is the following: 

Proposition 1.3. Two tuples (M, H, $, v, j3) and (A/ 7 , H', <£', v', /?') deter- 
mine equivalent C-module categories if and only if the second tuple is defined 
by the first tuple and by some equivalence F as above. 

We shall prove proposition 11.31 in Section [6l We will also decompose this 
condition into a few simpler ones: we will see, for example, by considering 
the case g = 1, that we can change <3? to be t<E>i 1 , where t is any conjugation 
automorphism of Autj)(M). 

In Section [7] we will describe the category of functors Func(M, A4) where 
M and A4 are two module categories over C. We will see that we can view this 
category as the equivariantization of the category Funx>{M, A4) with respect 
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to an action of G. We will also be able to prove the following criterion of C to 
be group theoretical. C is a group theoretical if and only if there is a pointed 
P-module category Af ', i.e., T>*^ is pointed, stable under the G-action , i.e., 
for every g G G, C g Mjy Af = Af as D-module categories. 

A theorem of Ostrik says that any indecomposable module category over a 
fusion category T> is equivalent to a category of the form Modx> — A, of right 
j4-modules in the category V, where A is some semisimple indecomposable 
algebra in the category T>. In other words- any module category has a 
description by objects which lie inside the fusion category T>. In Section [8] we 
will explain how we can understand the obstructions and their solutions, and 
also the functor categories, by intrinsic description; that is- by considering 
algebras and modules inside the categories T> and C. 

This description will be much more convenient for calculations. It will 
also enables us to view the first and the second obstruction in a unified way. 
Indeed, in Section[8jwe will show that we have a natural short exact sequence 

1 -> r A -> H -> 1 

and that a solution for the first two obstructions is equivalent to a choice 
of a splitting of this sequence (and therefore, we can solve the first two 
obstructions if and only if this sequence splits). We will also show, following 
the results of Section [SJ that two splittings which differ by conjugation by 
an element of T will give us equivalent module categories. We mention that 
we could have derive this short exact sequence and this result without using 
algebras and modules inside our categories, but it would have been more 
complicated. 

In Section [9] we shall give a detailed example. We will consider the Tam- 
bara Yamagami fusion categories, C = Ty(A,Xi T )- 111 this case C is an 
extension of the category VecA, where A is an abelian group, by the group 
Z 2 . 

2. Preliminaries 

In this section, C will be a general fusion category and T> a sub-fusion 
category of C. We recall some basic facts about module categories over C 
and T>. For a more detailed discussion on these notions, we refer the reader 
to [1] and to pQ. Let Af be a module category over C. If X, Y G ObAf, then 
the internal horn of X and Y is the unique object of C which satisfies the 
formula 

Hom c (W,Homc(X,Y)) = Hom Af {W X,Y) 

for every W G ObC. For every X G ObAf the object Hom c {X, X) has a 
canonical algebra structure. We say that X generates M (over C) if Af is the 
smallest sub C-module-category of Af which contains X. For every algebra 
A in C, mode ~ A, the category of right A- modules in C, has a structure of 
a left C-module category. 

A theorem of Ostrik says that all module categories are of this form: 

Theorem 2.1. (see PQ,) Let Af be a module category, and let X be a generator 
of Af over C. We have an equivalence of C-module categories Af = Mode ~ 
Hom (X, X) given by F(Y) = Hom(X,Y). 
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Next, we recall the definition of the induced module category. If Af is 
a D-module category, In$p{N) is a module category over C which satisfies 
Frobenius reciprocity. This means that for every C-module category 1Z we 
have that 

Func(Ind%(N),K) ^ Fun v {Af,1Z). 
The next lemma proves that the induced module category always exists. 
It will also gives us some idea about how the induced module category "looks 
like". 

Lemma 2.2. Suppose that Af = modx> — A for some algebra A 6 OVD. Then 
A can also be considered as an algebra in C, and Indj ) (Af) = mode ~ A. 

Proof. Let us prove that Frobenius reciprocity holds. For this, we first need 
to represent 1Z in an appropriate way. We choose a generator X of 1Z over 
D. It is easy to see that X is also a generator over C. Then, by Ostrik's 
Theorem we have that 1Z = mode ~ Homr (X, X) over C, and 1Z = mod-p — 
Hom r ,(X, X) over T>. If we denote Homr (X, X) by B, then it is easy to see 
by the definition of Horn that Hom T ,(X, X) = Bv, where Bx> is the largest 
subobject of B which is also an object of T> (since T> is a fusion subcategory 
of C, this is also a subalgebra of B). By another theorem of Ostrik (see 
[1]), we know that Func(modc — A, mode — B) = bimodc — A — B. Using 
the theorem of Ostrik again, we see that Funj)(J\f, 1Z) = bimodt>A — Bx>- 
One can verify that the functor which sends an A — Bx> bimodule Z in T> to 
Z ® b v B gives an equivalence between the two categories. 

□ 

Remark 2.3. The fact that the induction functor is an equivalence of categories 
arise from the fact that for such a B, the equivalence between the categories 
modx> — Bx> and mode — B is given by X i— >■ X ®Bt> B. 

One can show that the induced module category is also equivalent to 
CH P Af. 

In particular, we have the following: 

Corollary 2.4. Let Af be a module category over C. Suppose that X is a 
generator of Af over C, and that the algebra A = Hom (X, X) is supported 
onV. Then Af = lnd c v {mod v - A) . 

3. Decomposition of the module category over the trivial 
component subcategory. the zeroth obstruction 

We begin by considering the action of G on D-module categories. For 
every g £ G, C g is an invertible P-bimodule category. Therefore, if Af is an 
indecomposable P-module category, the category C g Mjy Af is also indecom- 
posable. It is easy to see that we get in this way an action of G on the set of 
(equivalence classes of) indecomposable P-module categories. Let now C be 
an indecomposable C-module category. We can consider C also as a module 
category over T>. We claim the following: 

Lemma 3.1. As a T>-module category, C is G-invariant. 

Remark 3.2. For this lemma, we do not need to assume that C is indecom- 
posable. 



6 



EHUD MEIR AND EVGENY MUSICANTOV 



Proof. We have the following equivalence of P-module categories 

c g Mt> c = c g m v (c m c c) ^ 
(Cg m v c) m c c (Cg ® v e aeG c a ) ®c £ = 

This proves the claim. 

□ 

If if is a subgroup of G, we have the subcategory Ch = (B/ieH Cft of C, 
which is an extension of T> by H. We claim the following: 

Proposition 3.3. There is a subgroup H < G, and an indecomposable Ch 
module category Af which remains indecomposable over T> such that C = 
Ind c CH {M). 

Proof. Suppose that C decomposes over T> as 

C = (J) Ci. 

i=l 

For every g £ G, we have seen that the action functor defines an equivalence 
of categories C g Mx> C = C. Since 

n 
i=l 

we see that G permutes the index set {1, . . . ,n}. This action is transitive, 
as otherwise £ would not have been indecomposable over C. Let H < G be 
the stabilizer of L±. Then Af = C\ is a C^-niodule category which remains 
indecomposable over T>. Let X G ObC\ be a generator of C over C (any 
nonzero object would be a generator, as C is indecomposable over C). By 
the fact that the stabilizer of C\ is H, it is easy to see that ffom c fX, X) is 
contained in Ch- The rest of the lemma now follows from corollary 12.41 

□ 

So in order to classify indecomposable module categories over C, we need 
to classify, for every H < G, the indecomposable module categories over Ch 
which remain indecomposable over T>. For every indecomposable module 
category C over C, we have attached a subgroup H of G and an indecom- 
posable Ch module category C\ which remains indecomposable over T>. The 
subgroup H and the module category L\ will be the first two components 
of the tuple which corresponds to C. Notice that we could have chosen any 
conjugate of H as well. 

4. The first two obstructions 

Let C, Af = C\ and H be as in the previous section. For every a 6 H 
we have an equivalence of P-module categories ij) a : C a Mx> Af — N given by 
the action of Ch on Af. Suppose on the other hand that we are given an 
//-invariant indecomposable module category Af over T>. Let us fix a family 
of equivalences {ip a } a ^H, where ip a : C a M Af —> Af. Let us see when does 
this family comes from an action of Ch on Af. 
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We know that the two functors 
and 

C H MC H MM 1Cf ^° C H MN 
should be isomorphic. It is easy to see that the two functors 

C H ®v C h M Ch^vN^N 

and 

C H C h M 1c ^ ( ' } C h ®t> A/" -> Af 
should also be isomorphic. Since the action of Ch on Af is given by the 
action of V together with the V'a's, this condition translates to the fact that 
for every a,b € H the two functors 

C a M V C b M V Af Ma ^ lM C ab &„nHn 

and 

C a M v C b M v N 1Ca ^ b C a M v NHN 
should be isomorphic. We can express this condition in the following equiv- 
alent way- for every a,b € H, the autoequivalence of Af as a D-module 
category 

Y a>b = Af *A C a ® v Af 1Ca ^ b 1 C a ® v C b ® v Af 
Ma ^c ab m v N^N 

should be isomorphic to the identity autoequivalence. We shall decompose 
this condition into two simpler ones. 

Consider the group V = Autx>(Af), where by Autx> we mean the group of 
P-autoequivalences (up to isomorphism) of Af. For a € H and F G T define 
a ■ F £ r as the composition 

N ^ c a m v n lc ^ F C a M v NH Af. 

We get a map $ : H — > Aut(T) given by &(g)(F) = h ■ F. This map de- 
pends on the choice of the ip a : s and is not necessary a group homomorphism. 
However, the following equation does hold for every a,b E H: 

^(aMb)=^b)C Yab , (4.1) 

where we write C x for conjugation by x € T. 

Notice that ip a is determined up to composition with an element in T, and 
that by changing ip a to be ip' a = ~fip a , f° r 7 € T, we change <3?(a) to be 

where by c 7 we mean conjugation by 7. Equation 14.11 shows that the com- 
position p = 7r<I>, where 7r is the quotient map 7r : Aut(T) — > Out(T) does 
give a group homomorphism. Notice that by the observation above, p does 
not depend on the choice of the ^ a 's, but only on c, Af and H. We have the 
following 

Lemma 4.1. // the ip a ' s arise from an action of Ch on Af, then the map <J> 
is a group homomorphism. 
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Proof. This follows from the fact that by the discussion above, if the ipa s 
arise from an action of Cjj on Af, then Y a & is trivial for every a,b G H, and 
by Equation 14.11 we see that $ is a group homomorphism. 

□ 

So c,Af and H determines a homomorphism p : H —¥ Out(T). We thus 
see that in order to give Af a structure of a C#-module category, we need to 
give a lifting of p to a homomorphism to Aut(T). The first obstruction is 
thus the possibility to lift p in such a way. 

Suppose then that we have a lifting, that is- a homomorphism <I> : H — > 
Aut(T) such that 7r$ = p. To say that $ is a homomorphism is equivalent to 
say that we have chosen the ip a 's in such a way that Cy a b = Id, or in other 
words- in such a way that for every a,b G H, Y a) b is in Z(T), the center of T. 

Notice that after choosing <I>, we still have some liberty in changing the 
-(/Vs. Indeed, if we choose ip' a = ja^Pa, where j a G Z(T) for every a G H, we 
still get the same $, and it is easy to see that every ip' a that will give us the 
same $ is of this form. 

In order to furnish a structure of a C^-module category on Af, we need 
Y a ^ to be not only central, but trivial. A straightforward calculation shows 
now that the function H x H —> Z(T) given by (a, b) \— > Y a ^ is a two 
cocycle. If we choose a different set of isomorphisms ip' a = "fatpa where j a £ 
Z(T), we will get a cocycle Y 1 which is cohomologous to 7. So the second 
obstruction is the cohomology class of the two cocycle (a, b) \-> Y a ^. We 
shall denote this obstruction by 2 (Af, c, H, M, $) G Z 2 (H,Z(T)). Notice 
that this obstruction depends linearly on M in the following sense: we have 
a natural homomorphism of groups £ : inv(Z('D)) —> T, given by the formula 

£(T)(N) =T® N 

(that is- £(T) is just the autoequivalence of acting by T, or if we identify Z(T>) 
with the category of P-bimodule endofunctors of the regular P-bimodule 
and thus inv(Z(T>) is identified with the group of isomorphisms classes of T>- 

automorphisms, then £(T)(N) is given by M ^ VM V M ^ V M v M - 

). It can be seen that if we would have chosen M' = M£, where ( £ 
Z 2 (G, Z(T>)), then we would have changed O2 to be C^res^ (£*(£)) • 

In conclusion- we saw that if N is a P-module category upon which H 
acts trivially, then we have an induced homomorphism p : H — >■ Out(T). 
The first obstruction to define on N a structure of a Cj^-module category is 
the fact that p should be of the form 7r$ where $ : H — > Aut{Autx>{J\f)) is a 
homomorphism. After choosing such a lifting $ we get the second obstruc- 
tion, which is a two cocycle 2 {N, c, H, M, <3?) G Z 2 (H, Z(T)). A solution to 
this obstruction will be an element v G C 1 (i7, Z(T)) which satisfies 

dv = 2 (Af, c,H,M,$). 

We will see later, in Section [HJ that to find a solution for the first and for the 
second obstruction is the same thing as to find a splitting for a certain short 
exact sequence. We will also see why two solutions v and v' which differs 
by a coboundary give equivalent module categories (and therefore we can 
view the set of possible solutions, in case it is not empty) as a torsor over 
H l {H,Z{T)). 
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5. The third obstruction 

So far we have almost defined a C^-action on M , by means of the equiv- 
alences tp a : C a M%> M — > N '. The solutions for the first and for the second 
obstruction ensures us that for every a,b G H the two functors 

F 1 : C a M v C b M v M Ma ^ lAf c ab M v M % b M 



and 



F 2 : C a M v C b ® v M lCa ^ b C a M v MHM 



are isomorphic. 

For every a,b G H, let us fix an isomorphism rj(a, b) : F\ — > F 2 between 
the two functors. In other words, for every X G C a , Y G C b and N G Af we 
have a natural isomorphism 

V(a, b)x,Y,N ■ (X <8 Y) ® N -> X ® (Y ® N). 

Since F\ and F 2 are simple as objects in the relevant functor category (they 
are equivalences), the choice of the isomorphism r/(a, b) is unique up to scalar, 
for every a,b G H. 

The final condition for AA to be a Cff-module category is the commutativity 
of the pentagonal diagram. In other words, for every a,b,d G H , and every 
X G C a , Y G C b , Z G Cd and N G A/*, the following diagram should commute: 



{X ® (Y (8) Z)) (8) iV ■ 



■»?(a,6(i)x,y®z,]V 



ab,d)x®Y,z,N 





X (g> ((Y ® Z) ® N) 

■n(b,d)y. Z ,N 

(Y®(Z®N)) 



vi a , b )x,Y,z 



(x ® y) ® (z <8) AO 

This diagram will always be commutative up to a scalar Os(a, fc, d) which 
depends only on a, 6 and d, and not on the particular objects X, Y, Z and N. 
One can also see that the function (a, b, d) i— > Os(a, 6, d) is a three cocycle on 

with values in fc*, and that choosing different r](a, 6)'s will change O3 by 
a coboundary. We call G> 3 = 0${N, c, if, M, <I>, u, a) G H 3 (H,k*) the third 
obstruction. A solution to this obstruction is equivalent to giving a set of 
rj(a,b)'s such that the pentagon diagram will be commutative. We will see 
in the next section that by altering rj by a coboundary we will get equivalent 
module categories. Thus, we see that the set of solutions for this obstruction 
will be a torsor over the group H 2 (H, k*) (in case a solution exists). Notice 
that this obstruction depends "linearly" on a, in the sense that if we would 
have change a to be aC, where £ G H 3 (G, k*), then we would have changed 
the obstruction by £. In other words: 



Q 3 (M, c, H, M, v, a() = 3 (M, c, H, M, $, v, a)res G H {Q 



This ends the proof of Proposition ll.2i 



10 



EHUD MEIR AND EVGENY MUSICANTOV 



6. The isomorphism condition 

In this section we answer the question of when does the C-module cate- 
gories M(Af, H,$,v,(3) and M(Af' ', H' ,v' , /3') are equivalent. 
Assume then that we have an equivalence of C-module categories 

F : M(Af, H, $, v, p) -> M(Af, H', u 7 , /?')• 

Let us denote these categories by A4 and A4' respectively. Then F is also 
an equivalence of "D-module categories. Recall that as D-module categories, 
A4 splits as 

geG/H 

A similar decomposition holds for AA' . 

By considering these decompositions, it is easy to see that F induces an 
equivalence of D-module categories between C g Mx>N and Af' for some g G G. 
Let us denote the restriction of F to C g Mjy Af as a functor of D-module 
categories by ip. We can reconstruct the tuple (A/"', if', $', u', /?') from ip in 
the following way: We have already seen that Af' is equivalent to C g Mx> Af 
and that the stabilizer subgroup of the category Af' will be if' = gHg^ 1 . 

Let us denote by T' the group Autx>{N'). We have a natural isomorphism 
v : r — > V given by the formula 

u(t) : Af' F ^ C g m v Af ^ C g m v Af 4 AT'. 

Using the functor tp and the map v we can see that the map 

p' : gHg^ 1 -> Out(V) 

which appears in the construction of the second module category is the com- 
position 

gHg- 1 % if 4 Out(T) -> Out(r'), 
where the last morphism is induced by v. The map which lifts // will 
depend on $ in a similar fashion. The same holds for the second obstruction 
and its solution. 

For the third obstruction, the situation is a bit more delicate. Since F 
is a functor of C-module categories, we have, for each a G if, a natural 
isomorphism between the functors 

C gag -, M V (C g M V AO l W C gag -i M V AT 4 AT 

and 

C gag -i M v [C g M v AT) ^C g M v N 4 A/"' 

For any a G if, the choice of the natural isomorphism is unique up to 
a scalar. A direct calculation shows that if we change the natural isomor- 
phisms by a set of scalars ( a , we will get an equivalence A4(N, H,&,v,(3) — > 
A4(N', H', <!>', v' , (3") where (3" = (3'dC,. This is the reason that cohomologous 
solutions for the third obstruction will give us equivalent module categories. 

In conclusion, we have the following: 

Proposition 6.1. Assume that we have an isomorphism F : A4(Af, if, <E>, v, 0) — >■ 
M(Af', if', <£', v', (3') Then there is a g G G such that F will induce an equiva- 
lence of V-module categories C g M?>Af — > Af' , and the data (A 7 , if', $', v', f3') 
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can be reconstructed from tp in the way described above (f3' will be recon- 
structable only up to a coboundary) . 

Remark 6.2. We do not have any restriction on tp. In other words, given 
tp ■ C g Kip J\f ->• M' we can always reconstruct the tuple (A/ 7 , H' , v' , /?') 
in the way described above. 

We would like now to "decompose" the equivalence in the theorem into 
several steps. The first ingredient that we need in order to get an equivalence 
is an element g G G such that C g Mr> M = N 1 . 

Consider now the case where this ingredient is trivial, that is- g = 1, 
J\f = M 1 and H = H' . In that case tp is an autoequivalence of the D-module 
category Af. Let us denote by ijj a : C a A/" ->■ M and by if/ a : C a Kb Af -> M 
the structural equivalences of the two categories (where o G H). Since F is 
an equivalence of C-module categories, we see that the following diagram is 
commutative: 



\mt F 



If 



C a M v M^N 

and a direct calculation shows that $ and <£' satisfy the following formula: 
&(a)(V) = tp^it^Vtp)^ 1 (6.1) 

where V is any element in T. 

Another way to write Equation 16.11 is <£' = c^^c^, 1 , where by q f we 
mean the automorphism of T of conjugation by tp. In other words- this 
shows that we have some freedom in choosing <I>, and if we change $ in the 
above fashion, we will still get equivalent categories. 

Consider now the case where also = This means that for every a G H 
the element tp&(a)(tp)~ 1 is central in T. A direct calculation shows that 
the function r defined by r(a) = tp^(a)(tp)~ 1 is a one cocycle with values 
in Z(T), and that v/v' = r. Notice in particular that by choosing arbitrary 
tp G Z(T) we see that cohomologous solutions to the second obstruction will 
give us equivalent categories. However, we see that more is true, and it might 
happen that non cohomologous v and v' will define equivalent categories. 

Last, if the situation is that tp = $(a)(tj?) for every a G H, the only 
way in which we can alter the tuple (and still get an equivalent category) 
(A^, H, v, j3) will be, as we have seen earlier, to change f3 by a coboundary. 

7. Functor categories as equivariantization categories 

In this section we shall describe the category of C-functors between the 
module categories M.(Af, H,&,v,(3) and M(J\f' , H',&',v', f3'). For simplicity 
we shall denote these categories as A^i and A4.2 respectively. 

Consider the category Fun-r>(Mi, -M-2)- This is a k- linear category which 
by Theorem 2.16 in j3] is semisimple. 

Lemma 7.1. There is a natural G-action Funx>{AA.\, M2) induced by the 
structure C-module categories on M\ and AA.2- 
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Proof. There are D-module equivalences ip g : CgM-pMi = Mi and <j) g : C g Mx> 
M 2 = M 2 . Let F : Mi — > M 2 be a P-module morphism, we define T g £ 

jh- 1 _ IdcMvF _ <t>a 

Aut®(Fun v (Mi,M 2 ) to be the following functor Mi C g M v Mi C g m v M 2 M 2 

. The composition of the 2-arrows in the following diagram defines a natural 

isomorphism fi gitg2 : T gi oT g , 2 = T gig2 




a 



Since we have a G-action on Funx>(Mi, M 2 ), we can talk about the equiv- 
ariantization Funj)(Mi, M 2 ) G . By definition, an object in Funx> (Mi, M 2 ) G 
is a pair (F, {T 9 } 9g c), where T g : g ■ F — > F are natural equivalences which 
satisfy a certain coherence condition (for the exact definition, see for example 
[3]). Let F : Mi — > M 2 be a P-module functor. A structure on C-module 
functor on F induces a structure a G-equivariant object, are vica versa. 

Let us conclude this discussion by the following lemma: 

Lemma 7.2. The category Func(Mi, M 2 ) is equivalent to the equivarianti- 
zation Funx>(Mi, M 2 ) G of the category Funi)(Mi, M 2 ) with respect to the 
aforementioned G-action. 

Remark 7.3. Assume that the ground field k is of characteristic 0. Let M 
be an indecomposable C-module category. Although C* M = Func(M, M) is 
a fusion category, Funx>(M, M) is, in general, only a multifusion category, 
because, M may decompose as 2?-module category. Equivariantization has 
only been defined in context of fusion categories, however, the definition in 
context of multifusion categories is mutatis mutandis. Notice that is case of 
multifusion equivariantization we don't always have the Rep(G) subcategory 
supported on the trivial object. 

In the next section we will give an intrinsic description of the functor 
categories, as categories of bimodules. 

8. An intrinsic description by algebras and modules 

The goal of this Section is to explain more concretely the action of the 
grading group on indecomposable module categories, the action of the grad- 
ing group on Auti)(J\f), the obstructions and their solutions. 

In pQ Ostrik showed that any indecomposable module category over a 
fusion category C is equivalent as a module category to the category Mode— A 
for some semisimple indecomposable algebra A in C. In this section we will 
realize all the objects described in the previous sections by using algebras 
and modules inside C. As before, we assume that C = (B ge G-C g , we denote 
d by V and Aut v (M) by T. 
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8.1. The action of G on indecomposable module categories. Assume 
that A is a semisimple indecomposable algebra inside T>. Let M = Modjy—A 
be the category of right A- modules inside T>. We denote by Modc g — A the 
category of A- modules with support in C g . We claim the following: 

Lemma 8.1. We have an equivalence of V-module categories C g M%> N = 
Mod Cg - A. 

Proof. We have already seen in Section [2] that we have an equivalence of 
C-module categories 

CM V N = Modc(A) 
which is given by X M M \— > X ® M . As a P- modules category, the left 
hand category decomposes as (Bc,eG ^9 ^ anc ^ the ri ght hand category 
decomposes as (B 9 gg Modc g ~ A. It is easy to see that the above equivalence 
translates one decomposition into the other, and therefore the functor C g M-p 
N — > Modc g — A given by X IE M \— > X ® M is an equivalence of D-module 
categories. 

□ 

Next, we understand how we can describe functors by using bimodules. 

Lemma 8.2. Let M = Modv - A and N' = Modv - A', and let g € G. 

Then every functor F : J\f — > C g Mx> M' is of the form F(T) = T ®a Y for 
some A — A' bimodule Y with support in C g , here we identify C g Mjy M' with 
Modc g — A' as above. 

Proof. The proof follows the lines of the remark after Proposition 2.1 of [2]. 
We simply consider F{A). The multiplication map A ® A — > A gives us 
a map A (X) F(A) — > F(A), thus equipping F(A) with a structure of a left 
A-module. We now see that F{A) is indeed an A — A' bimodule. Since the 
category is semisimple the functor F is exact. Since every object in N s 
a quotient of an object of the form X (g) A for some X EC, we see that F is 
given by F(T) = T® A F(A). 

□ 

Remark. Notice that by applying the (2-)functor C g ~\ Mi> — we see that every 
functor C g Mx> M' —> Af is given by tensoring with some A' — A bimodule 
with support in C g -i. 

8.2. The outer action of H on the group Autj)(J\f). The first two 
obstructions. Assume, as in the rest of the paper, that we have a subgroup 
H < G and a module category J\f = Modx> — A, and assume that F^ : J\f = 
Ch KId M for every h £ H. It follows from Lemma 18.21 that this equivalence 
is of the form F^M) = M ®a A^ for some A — A bimodule A^ with support 
in Ch- The fact that this functor is an equivalence simply means that the 
bimodule A^ is an invertible A — A bimodule. In other words- there is 
another A — A bimodule (whose support will necessary be in C^-i) such 
that Ah ®a Bh = F>h ®a Ah = A. By Lemma 18.21 we can identify the group 
r = Autx>(M) with the group of isomorphisms classes of invertible A — A 
bimodules with support in T>. 

Denote by A the group of isomorphisms classes all invertible A — A bimod- 
ules with support in Ch- Since every invertible A — A bimodule is supported 
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on a single grading component, we have a map p : A — » H which assigns to 
an invertible A — A bimodule the graded component it is supported on. We 
thus have a short exact sequence 

1 ^>Y ^ A ^ H -> 1. (8.1) 

Using this sequence, we can understand the outer action of H on Autz>(Af), 
and the first and the second obstruction. The outer action is given in the 
following way: for h G H, choose an invertible A — A bimodule Ah with 
support in C^. Choose an inverse to Ah and denote it by AT . Then the 
action of h G H on some invertible bimodule M with support in T> is the 
following conjugation: 

h ■ M = A h ® A M ®a A^. 

This action depends on the choice we made of the invertible bimodule Ah- 

The first obstruction is the possibility to lift this outer action to a proper 
action. In other words, it says that we can choose the A^s in such a way 
that conjugation by Ah® Ay is the same as conjugation by Ayy, or in other 
words, in such a way that for every h, h' G H, the invertible bimodule 

Bh,h> = A h <8>a Ay <gu A~l, 

will be in the center of T (again- we identify Y with the group of invertible 
bimodules with support in V). A solution for the first obstruction will be a 
choice of a set of such bimodules Ay 

The second obstruction says that the cocycle (h, h!) i— > Bh t y is trivial in 
H 2 (H, Z(Autz>(J\f)). This simply says that we can change Ah to be Ay&ADh 
for some G Z(Autx>(Af)), in such a way that 

(Ah ®A D h ) ® A (Ay ® A Dy) ® A (A h y ® A D h y)- X A 

as A-bimodules. A solution for the second obstruction will be a choice of 
such a set of bimodules. 

It is easier to understand the first and the second obstruction together: 
we have one big obstruction- the sequence 18.11 should split, and we need to 
choose a splitting. First, if the sequence splits, then we can lift the outer 
action into a proper action, and we need to choose such a lifting. Then, the 
obstruction to the splitting with the chosen action is given by a two cocycle 
with values in the center of T. Thus, a solution for both the first and the 
second obstruction will be a choice of bimodules Ah for every h £ H such 
that the support of Ah is in Ch and such that Ah ®a Ay = A^y for every 
h, h' G H . Following the line of Section [6j we see that we are interested in 
splittings only up to conjugation by an element of Y. 

8.3. The third obstruction. Assume then that we have a set of bimodules 
Ah as in the end of the previous subsections. We would like to understand 
now the third obstruction. 

Recall that we are trying to equip M with a structure of a Cff-module 
category. By Ostrik's Theorem (see PQ), there is an object M G N such 
that A = Hom -p(N, N) where by Hom -p we mean the internal Horn of Af, 
where we consider Af as a D-module category. So far we gave equivalences 
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Fh : Af — > Ch M-pAf. If Af were a C#-module category via the choices of these 
equivalences, then the internal C^-Hom, A = Hom c (N, N) would be 

A=QA h . 

heH 

We thus see that to give on TV a structure of a Cf/-module category is 
the same as to give on A a structure of an associative algebra. For every 
h, h! G H, choose an isomorphism of A — A bimodules Ah 0a A^ — > Ahh 1 '■ 
Notice that since these are invertible A — A bimodules, there is only one such 
isomorphism up to a scalar. 

Now for every h, h' , h" G H, we have two isomorphisms (Ah 0a Ay) ®a 
A h " -> A hh 'h", namely 

(A h ®a A h >) ®a A h " -> A hh ' ®a A h " ->■ Ahh'h" 

and 

(A h ®a A h ') ®a A h " -> A h ® A (A h ' ®a A h ") ->■ A/, (gu -> A hh > h "- 

This two isomorphisms differ by a scalar b(h, b! , /i"). The function (/i, /i', /i") i— > 
6(/i, /i', /i") is a three cocycle which is the third obstruction. A solution to the 
third obstruction will thus be a choice of isomorphisms Ah ®a Ah' — >• Ahh' 
which will make A an associative algebra. Once we have such a choice, we 
can change it by some two cocycle to get another solution. 

8.4. Functor categories. We end this section by giving an intrinsic de- 
scription of functor categories. Assume that we have two module categories 
Mi = M(Af,H,^,v,(3), and M 2 = M(AP, H', v', p). Let us denote H' 
by K. As we have seen in the previous subsections, if M = Modjy — A\ and 
Af' = Mod v - Bi, then Mi = Mod c - A and M 2 = Mod c - B, where A is 
an algebra of the form @heuAh, and a similar description holds for B. 

The functor category Func(Mi, M 2 ) is equivalent to the category of A — 
.B-bimodules in C. Since A and B have a graded structure, we will be able 
to say something more concrete on this category. 

Let X be an indecomposable A — S-bimodule in C. It is easy to see that 
the support of X will be contained inside a double coset of the form HgK 
for some g € G. Since the bimodules Ah and B^ are invertible, it is easy to 
see that the support will be exactly this double coset. 

Consider now the (/-component X g of X. As can easily be seen, this is an 
Ai — f?i-bimodule. Actually, more is true. Consider the category C M C op . 
Inside this category we have the algebra 

(AB) g = ® x& HC\gKg- 1 Ax E B g -i x -i g 

with the multiplication defined by the restricting the multiplication from 
A M B G C M C op . The category C is a C M C op -module category in the 
obvious way, and we have a notion of an (AB) g -module inside C. 

Lemma 8.3. The category of (AB) g -modules inside C is equivalent to the 
category of A — B-bimodules with support in the double coset HgK. 

Proof. If X is an A — 5-bimodule with support in HgK, then X g is an 
(AB) g-vaodnle via restriction of the left ^4-action and the right i?-action. 
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Conversely, if V is an (AB) ^-module inside C, we can consider the induced 
module 

(A M B) ® {AB)g V. 

This is an A — l?-bimodule, and one can see that the two constructions gives 
equivalences in both directions. 

□ 

Remark. This is a generalization of Proposition 3.1 of |2j, where the same 
situation is considered for the special case that C = VbCq and D = 1. 

In conclusion, we have the following 

Proposition 8.4. The functor category Func(A4i, M2) is equivalent to the 
category of A — B-bimodules. Each such simple bimodule is supported on a 
double coset of the form HgK , and the subcategory of bimodules with support 
in HgK is equivalent to the category of {AB) g -modules inside C. 

9. AN EXAMPLE: CLASSIFICATION OF MODULES CATEGORIES OVER THE 
TAMBARA YAMAGAMI FUSION CATEGORIES AND DUAL CATEGORIES 

Our second example will be C = Ty(A,x,T~), the Tambara Yamagami 
fusion categories. Let A be a finite group. Let Ra be the fusion ring with 
basis A U {m} whose multiplication is given by the following formulas: 
g ■ h = gh, for every g,h € A 
g ■ m = m ■ g = m and 
™-™ = EgeA3- 

In [7] Tambara and Yamagami classified all fusion categories with the above 
fusion ring. They showed that if there is a fusion category C whose fusion 
ring is Ra then A must be abelian. They also showed that for a given A 
such fusion categories can be parametrized (up to equivalence) by pairs (x, t) 
where \ : A x A — > k* is a nondegenerate symmetric bicharacter, and r is a 
square root (either positive or negative) of ■i. We denote the corresponding 
fusion category by Ty(A, x, t). 

The category Ty(A, x> r ) is naturally graded by Z2. The trivial compo- 
nent is VecA and the nontrivial component, which we shall denote by A4, 
has one simple object m. A4 with its left(right) module structure over the 
trivial component is rank one, hence, the associativity constraints of VecA 
are trivial. In [5] the authors described how the Tambara Yamagami fusion 
categories corresponds to an extension data of Vcca by the group Z2. We 
shall explain now the classification of module categories over Ty(A, x, t) 
given by our construction. 

9.1. Getting started. We begin by recalling how module categories over 
VecA look like. Since A is abelian and the associativity constraints are triv- 
ial, module categories over VecA are parametrized (up to equivalence) by 
pairs (H,ip) where H < A and ip £ H 2 (H, k*). We can think of the corre- 
sponding module category A4(H,ip) as the category of right fc^fZ-modules 
inside VecA- 

The first two parameters for a module category over Ty(A, x, t) are an 
indecomposable module category A4(H, ip) over VecA and a subgroup of Z2. 
The group Z2 has only two subgroups- itself and the trivial subgroup. If 



MODULE CATEGORIES 



17 



we take the trivial subgroup, then all other parameters and obstructions 
are trivial. We thus get in this way all module categories of the form 
Ind^ eCA (M(H,ip)). By Section [6] it is easy to see that two such distinct 
module categories M(H,ip) and A4(H' will be equivalent if and only if 
a ■ M(H,ip) = A4(H' where we denote by a the nontrivial element of 
the grading group 7L<i- 

If we have a module category whose parametrization begins with (A4(H, ip), Z2, . . .) 
then a ■ A4(H, ip) = A4(H, ip). In order to classify module categories over C 
we thus need to understand what is a-A4(H, ip) and when does a-Ai(H, ip) = 
A4(H,ip). We shall do so by using the intrinsic description from Section [HJ 
We shall also use the intrinsic description in order to understand the ob- 
structions and their solutions. 

9.2. The action of a on indecomposable module categories and rep- 
resentations of twisted abelian group algebras. Let M = M{H,ip) = 
Mody eCA k^ 'H . As explained in Section [HJ the module category Ai Mv e c A N 
can be described as the category of right k^ //-modules with support in the 
category A4, here M. is the nontrivial grading component of Ty{A, %, r). A 
k^ H -module with support in A4 is of the form m <%> V where V is a vector 
space which is a k^ //-module in the usual sense. So the category AiMy eCA 
is equivalent, as an abelian category, to the category of k^ //-modules in the 
usual sense. 

We shall describe now a parametrization of the simple k^ //-modules. Let 
k^H = ®h£llUh- The multiplication in k^H is given by the rule U}JJ^ = 
ip(h, k)Uhk- Denote by R = Rad(ip) the subgroup of all h € H such that 
is central in k^H. 

As the field k is algebraically closed of characteristic zero and H is abelian, 
the data that stored in the cocycle ip is simply the way in which the U^s 
commute. More precisely- define the following alternating form on H: 

^(a,b) = ip(a,b)/ip(b,a). 

It turns out (see |6|) that the assignment ip 1— > £v, depends only on the 
cohomology class of ip, and that it gives a bijection between H 2 (H,k*) and 
the set of all alternating forms on H. The elements of R can be described as 
those h E H such that ^(h,—) = 1. As can easily be seen, ^ is the inflation 
of an alternating form on H/R. It follows easily that ip is the inflation of a 
two cocycle ip on H/R. 

It can also be seen that £j; is nondegenerate on H/R and that k^H/R = 

M n (k) where n = y/\H/R\. It follows that k^H/R has only one simple mod- 
ule (up to isomorphism) which we shall denote by V\ (i.e, ip is non degenerate 
on H/R). By inflation, V\ is also a k^ //-module. Let £ be a character of H, 
and let k^ be the corresponding one dimensional representation of H. Then 

(g) V\ is also a simple module of k^H, where H acts diagonally. It turns 
out that these are all the simple modules of k^H, and that = V^ 2 if and 
only if the restrictions of £1 and £2 to R coincide. 

The simple modules of k^H are thus parametrized by the characters of R 
(we use here the fact that the restriction from the character group of H to 
that of R is onto). For every character £ of R, we denote by V£ the unique 
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simple module of k^H upon which R acts via the character £. So the simple 
/c^i^-modules with support in M are of the form m ® V£. 

Let us describe V a (8 (m (8 V^). It can easily be seen that this is also a 
simple module, so we just need to understand via which character R acts on 
it. Using the associativity constraints in Ty(A, x, t), we see that for v G V£ 
and r £ R we have 

(V a ® m ® v) ■ U r = x(a, r) V a <g) (m <8> v ■ £/ r ) = x( a > ^)C( r )^o 

This means that (8) (m (8) V£) = m <8> V^ x ( a _) . So the stabilizer of V£ is the 
subgroup of all a € A such that %(a, r) = 1 for all r 6 i?, i.e., it is i?- 1- (by 
_L we mean with respect to It follows that Ai My eCA N is equivalent to a 
category of the form M(R ± ,V>). Where ^ is some two cocycle. 

Let us figure out tp. If a € R 1 -, then the restriction of %(a, — ) to i7 
is a character which vanishes on R. Therefore, there is a unique (up to 
multiplication by an element of R) element t a € H such that £i/>(t a , — ) = 
x(a, — ). It follows that there is an isomorphism r a : V a (g> (m (8 Vi) ->mig)Vi 
which is given by the formula Vi (8 (m ® u) i— > m (8 (f • ^t )- Now for every 
a, 6 G ip(a, b) should make the following diagram commute: 

(V a (8 V b ) (8 (m (8 Vi) >■ V a (8 (V 6 (8 (m <8 V"i)) F a <8 (m <8 VI) 

»"af> »* a 

m <8 Vi >■ m (8> Vi 



An easy calculation shows that this means that ip(a,b) = ij)(tb,t a ). We 
thus have the following result: 

Lemma 9.1. We have a ■ A4(H,tp) = M.(R 1 -,ip) where R is the radical of tp 
and ip is described above. 

Suppose now that a ■ M(H,ip) = M(H,ip). This means that Rad(ip) = 
H 1 -. The bicharacter \ defines by restriction a pairing on H x H, and 
by dividing out by H 1 -, we get a nondegenerate symmetric bicharacter 
X ■ H/H 1 - x H/H 1 - — > k*. It is easy to see that the assignment h i->- 
that was described above induces an automorphism s of H/H 1 - which satis- 
fies x(a, b) = £^(s(a),b). The fact that ip = ip means that £$(s(b), s(a)) = 
£j,(a, b). Equivalently, this means that %(a, b) = £j,(s(a),b) = s 2 (a)) = 

x(b,s 2 (a)) and since x is nondegenerate, this is equivalent to the fact that 
s 2 = Id. 

In summary: 

Lemma 9.2. We have a • M(H,ip) = A4(H,ip) if and only if the following 
two conditions hold: 

1. H 1 - < H. 

2. There is an automorphism s of order 2 of H/H 1 - such that (a, b) i-> 
x(s(a),b) is an alternating form. The inflation of this alternating form to 
H will be £0 . 
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9.3. The vanishing of the first obstruction and invertible bimod- 
ules with support in Vcca- Assume now that we have a module category 
Ai(H, ip) such that a ■ A4(H, ip) = A4(H, ip). Let s be an automorphism as 
in Lemma 19.21 In order to explain the first and the second obstruction for 
furnishing a Ty(A, x, r)-module category structure on A4(H,ip), we need 
to consider the group of invertible /c^if-bimodules in C. As we have seen 
in Section [HI such an invertible bimodule with support in Vcca (A4) corre- 
sponds to a functor equivalence F : M — »■ N (F : M ^Vec A A/" — » M). The 
functor is given by tensoring with the invertible bimodule. 

Let us first classify invertible fc^-ff-bimodules with support in VecA- Their 
description was given in Ostrik's paper [2]. We recall it briefly. 

If a € A and A is a character on H, we define the bimodule M a ^\ to be 

®h£HVahi 

where the action of k^H is given by 

U h • V ah , ■ U h n = lJ,(h,ti)\(hW(hti >")W. 

Choose now coset representatives a\, . . . ,a r of H in A. Proposition 3.1 of 
[2j tells us that the modules M ait \ where i = l,...r and A € H are all 
the invertible k^H bimodules, and each invertible bimodule with support in 
VecA appears in this list exactly once. 

By a more careful analysis we can get to the following description of the 
group of invertible bimodules: we have a homomorphism £ : H — > H given 
by h i— > £d{h, — )• Then the group E of all invertible bimodules with support 
in VecA can be described as the pushout which appears in the following 
diagram: 

H >■ A 

H *E 

The group E is thus also isomorphic to the group ^4irfy eCA ( A4 (-ff , tp)). 
Notice that the group E abelian. This means that Aut{E) = Out(E) and 
the first obstruction vanishes; to give a homomorphism Z2 —> Out(E) is the 
same thing as to give an automorphism Z2 — > Aut(E). This also means that 
we do not have a choice of a "solution" in here, and that we have a proper, 
not outer, action of Z2 on E from the beginning. 

9.4. The group of all invertible bimodules. Since A4(H, ip) is a-invariant, 
we see by Section [8J that the group E of (isomorphism classes of) invertible 
k^H bimodules in C is given as an extension 

1 E E Z 2 1. 

Moreover, we have seen that the second obstruction is the cohomology class 
of this extension in H 2 (Z<2, E), and that a solution to the second obstruction 
is a splitting of this sequence, up to conjugation by an element of E. 

Now suppose that we have an invertible k^H bimodule X with support in 
A4. Then any other invertible k^H bimodule with support in A4 will be of 
the form X e, where e € E. The action of a on E will be conjugation 
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by X (as we have seen earlier, this is well defined and not depend on X as 
the group E is abelian), and the second obstruction will be the possibility to 
choose X in such a way that X X — k^H (that is- X 2 is the identity 

in the group of invertible bimodules). 

We begin by choosing X explicitly. It should be of the form X = m V, 
where V is both a left and a right k^H bimodule. The interaction between 
the left structure and the right structure is given by the formula 

(U h -v)-U h ,= X (h,ti)U h -(vU h ,). (9.1) 

The fact that X is invertible implies that V has to be simple as a left and 
as a right k^ //-module. Take V to be V\ from Subsection 19.21 we need to 
define on V a structure of a left k^ //-module. We know that 

(vU th )-U h ,=x(h,h')(vU h ,)U th . 

By Equation 19.11 and by the simplicity of V, we see that this means that we 
must have Uh • v = u(h)v ■ Ut h for some set of scalars {u(h)}heH- An easy 
calculation shows that these scalars should satisfy the equation 

v(ab)tp(a,b) = v(a)v(b)ip(t b ,t a ) 

for every a, b € H. In other words- 

du{a,b)=ip(a,b)/ip(t b ,t a ). (9.2) 

Since N is cr-invariant, we do know that the cocycles ip{a,b) and ip(tb,t a ) 
are cohomologous, and therefore such a function v exists. Notice that we 
have some freedom in choosing v- we can change it to be vrj where r\ is some 
character on H. It is easy to see by this construction that the invertible k^H 
bimodules are parametrized by pairs (cj), v) where <j> is a character of H by 
which it acts from the right on the module, and v is a function which satisfy 
the equation 

dv(a,b) = tpi^^/tp^tb^tabt^H^ 1 ). 
When 0=1, this equation is exactly Equation 19.21 We denote the corre- 
sponding invertible bimodule by X((f>, v). It is easy to see that the restriction 
of v to H is a character. We fix an invertible bimodule X for which 0=1, 
and for which the restriction of v to H is the trivial character (we use 
here the fact that we can alter u by a character of H and the fact that any 
character of can be extended to a character of H) . 

9.5. The action of a on E, and the second obstruction. We would like 
to understand now what is the bimodule a(U ai \). We have the equation 

X ® k i, H U aii x = Cr(U at: x) ®k-*H X - 

A similar calculation to the calculations we had so far reveals the fact that if 
X is given by (l,v) then U ait \® h ^ H X is given by (x(oj, -), ^Ax _1 (oi, *_)), 
while X <S> fc1 />_fl- U ait \ is given by (A -1 , v\ l {cLi, — )A(t(— ))). From these two 
formulas we can derive an explicit formula for the action of a on E. It follows 
that if a(U aii x) = U ajtlM then j is the unique index which satisfies A -1 = 
x{ a ji ~) on H^, and [i is given by the formula fi = —)X(t-)x(o-i,t-)- 
Let us find now the second obstruction. For this, we just need to calculate 
X (^^h X. Consider first X ® X. It is isomorphic to V <g> V <8> ©ag^^a) 
Let us divide this out first by the action of H . If h € H we see that 
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we divide V &>V &>V a by v (g) w — x( a i h)v (8) it;. Ii a ^ H then there is an 
/i £ such that %(a, h) ^ 1. Therefore the support of X (S^v-h X will be 
Vecff- Since V is simple as a left and as a right ft^.ff-module, it is easy to 
see that V V is one dimensional. We thus see that X <S>fcV_ff X = U\ \ 

for some character A. A direct calculation shows that A(/i) = v{h)v(fh). 
This means that the second obstruction is the character A, as an element of 
H 2 (Z 2 , E) = E a /im{l + a) (recall that H is a subgroup of E). 

Suppose that the second obstruction does vanish, and suppose that we 
have a solution X(u),rf). In other words X(u),rf) ®k^H X(u),r]) = k^H. A 
direct calculation similar to the one we had above shows that the restriction 
of uj to H 1 - coincide with 77. Recall from Section [8] that if U a i \ is any invert- 
ible fc^if-bimodule with support in VecA, then this solution is equivalent 
to the solution U ait \ X(u),r]) ®k^H ^ direct calculation shows 

that Ui iV ®ki>u X(oj, Tj) ®k^H = X(ui', 1) where ^(H- 1 ) = 1. It follows 
that we can assume without loss of generality that the solution is of the form 
X(u,l). 

As we have seen above, X(ui, l)® 2 = k^H if and only if ui(h)ui(th) = 1 
for every h € H. So the second obstruction vanishes if and only if there is a 
function v which satisfies equations 19.21 and also the equation 

v{h)u(t h ) = 1 (9.3) 

for every h € H. It might happen, however, that we will have two different 
solutions v and v', that will be equivalent- that is, there will be an invertible 
k^H bimodule U a ^\ such that U aijX ® k ^H x 0*> u ) ®k^H U~\ = X(l, v'). A 
careful analysis shows that this happen if and only if the following condition 
holds: there is a character r\ on H which vanishes on H^, such that 

u(h)/u'(h) = r,(h)/ V (t h ). (9.4) 

In conclusion- the second obstruction is the existence of a function v which 
satisfy Equations 19. 21 and !9. 31 and two such functions v and v' give equivalent 
solutions if and only if there is a character 77 of H which vanishes on H and 
which satisfies Equation 19.41 

9.6. The third obstruction. As explained in Section [8j after solving the 
second obstruction, we can think about the third obstruction in the follow- 
ing way: we have an invertible k^H bimodule X with support in A4, and 
X (g) ki , H X = k^H. We would like to turn k^H X into an algebra. The 
only obstruction for that (and this is the third obstruction) is that the multi- 
plication on X ® X (g) X might be associative only up to a scalar. This scalar 
is the third obstruction, considered as an element of H 5 (7*2, ft*) = {1,-1}. 
Following the work of Tambara (see [6]), we see that this sign is the sign of 
the following expression 

T, heH v(h)T. 

If the third obstruction vanishes, we only have one possible solution, as 
H 2 (Z,2, ft*) = 1, since we have assumed that k is algebraically closed. 

9.7. Dual categories. In this subsection we shall give a general description 
of the dual categories of Ty(A, x, t). 
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We begin with module categories of the form C = A4(J\f, 1, v, f3). In 
this case, C = Mode ~ k^H for some H < A and some two cocycle ip. We 
have described above the category of /c^if-bimodules with support in VecA- 
We have seen that it will be a pointed category with an abelian group of 
invertible objects, which we have described in Subsection 19.31 Consider now 
the fe^i?-bimodules with support in Ai. Following previous calculations, we 
see that such a bimodule is given by a vector space V which is both a left 
and a right fe^-ff-module, and the interaction between the left and the right 
structure is given by the formula 

(U h ■ v) ■ U h , = X (h, h')U h ■ (v • U w ). (9.5) 

We can think of such modules as kP [H x f/]-modules, where 9 is a suitable two 
cocycle. By this point of view, the isomorphism classes of indecomposable 
modules is in bijection with the characters of Rad{9) < H x H . Let us 
denote the indecomposable module which corresponds to a character £ of 
Rad(9) by Vr. A routine and tedious calculation shows us that the group of 
invertible A;^ //-bimodules with support in VecA acts on the modules with 
support in A4 via the following formulas: 

U ai ,\ ® B V c = v {X)X{ai _ ))c 

V( ®B U ai: x = ^( X - 1 K,-),A- 1 )C 

We know that the dual category is graded by Z2 in the obvious sense. We 
use this fact in order to conclude the following multiplication formula: 

V C ® B V V = U aiiX 

(aj,A) 

where by t*{rf) we mean the composition of 77 with the map H x H — > H x H 
given by (/ii,/^) t-> (/i2>^i)- Notice that by the analysis done in Section [8] 
and by the observation that the group of invertible bimodules with support 
in VecA acts transitively on the set {V^}, we see that the dual is pointed if 
and only if the category C is cr-invariant. 

We consider now module categories of the second type. By this we mean 
categories of the form C = M(M, (cr), $, v, /3). Assume that C = Mod — 
VecA-M.{H,ip) over VecA- Then a(H,tp) = (H,ip) and we have an action 
of a on the abelian group E of invertible bimodules with support in Vcca- 
We have an equivalence of fusion categories (Vcca)^ — Vec ^ for some three 
cocycle uj G H 3 (E, k*) 

We have seen in Section [7] that the dual (C)* c will be the equivariantiza- 
tion of this category with respect to the action of Z2. If, for example, we 
would have known that u = 1, then this equivariantization would have been 
equivalent to the representation category of the group 7Li K E In general, the 
description of this category is not much harder. 

We conclude by observing that Ty(A, x, t) is group theoretical if and 
only if there is a pair (H,ip) such that a(H,ijj) = (H,ip). This gives an 
alternative proof of the fact that Ty(A, x, T ) is group theoretical if and only 
if the metric group (A,x) has a Lagrangian subgroup[j3 Corollary 4.9]. 
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Abstract. Let C be a fusion category which is an extension of a fu- 
sion category I? by a finite group G. We classify module categories 
over C in terms of module categories over T> and the extension data 
(c,M,a) of C. We also describe functor categories over C (and in 
particular the dual categories of C). We use this in order to classify 
module categories over the Tambara Yamagami fusion categories, 
and their duals. 



1. Introduction 

Let C be a fusion category. We say that C is an extension of the fusion category 
T> by a finite group G if C is faithfully graded by the group G in such a way that 
C e = V. In |4J Etingof et. al. classified extension of a given fusion category T> 
by a given finite group G. Their classification is given by a triple (c, M, a) , where 
c : G — » Pic(T>) is a homomorphism, M belongs to a torsor over H 2 (G, inv(Z(T>))), 
and a belongs to a torsor over H 3 (G,k*). The group Pic{T>) is the group of 
invertible f-bimodules (up to equivalence), and the group inv(Z(T>)) is the group 
of (isomorphism classes of) invertible objects in the center Z(T>) of T>. 

Let us recall briefly the construction from [3]. Suppose that we are given a clas- 
sification data (c, M, a). The corresponding category C will be (J) 9gG c(g) as a V- 
bimodule category. If we choose arbitrary isomorphisms c(g)^x>c(h) — > c(gh) for the 
tensor product in C, the multiplication will not necessarily be associative. This non 
associativity is encoded in a cohomological obstruction 03(c) £ Z 3 (G,inv(Z(V))). 
The element M belongs to C 2 (G, inv{Z(V))), and should satisfy dM = 3 (c) 
(that is- it should be a "solution" to the obstruction 03(c)). If we change M by a 
coboundary, we get an equivalent solution. Therefore, the choice of M is equivalent 
to choosing an element from a torsor over H 2 (G,inv(Z(T>))). Given c and M, we 
still have one more obstruction in order to furnish from C a fusion category. This 
obstruction is the commutativity of the pentagon diagram, and is given by a four 
cocycle 4 (c, M) £ Z 4 (G,k*). The element a belongs to C 3 (G, k*), and should 
satisfy da — 0±(c,M). We think of a as a solution to the obstruction On(c,M). 
Again, if we change a by a coboundary, we will get an equivalent solution. There- 
fore, the choice of a can be seen as a choice from a torsor over H 3 (G, k*). 

We shall write C = T>(G, c, M, a) to indicate the fact that C is an extension of T> 
by G given by the extension data (c, M, a), and we shall assume from now on that 
C = V(G, c,M,a). 

In this paper we shall classify module categories over C in terms of module 
categories over T> and the extension data (C,M,a). 

Our classification of module categories will follow the lines of the classification of 
[3] . We will begin by proving the following structure theorem for module categories 
over C. 
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Theorem 1. Let C be an indecomposable module category over C. There is a 
subgroup H < G, and an indecomposable Ch = ® ae # C a module category Af which 
remains indecomposable over V such that C ^ Ind c Ca (Af) = C M Ch Af. 

This proposition enables us to reduce the classification of C-module categories to 
the classification of Cy-module categories which remains indecomposable over T>, 
where H varies over subgroups of G. 

In order to classify such categories we will go, in some sense, the other way 
around. We will begin with an indecomposable 2?-module category Af, and we will 
ask how can we equip Af with a structure of a Ch module category. 

As in the classification in [3], the answer will also be based upon choosing solu- 
tions to certain obstruction (in case it is possible). We will begin with the obser- 
vation, in Section [3J that we have a natural action of G on the set of (equivalence 
classes of) indecomposable D-module categories. This action is given by the fol- 
lowing formula 

g ■ Af = C g K p Af. 

If Af has a structure of a Cy-module category, then the action of Ch on Af will 
give an equivalence of 2?-module categories h ■ Af = Af for every h £ H . In other 
words- Af will be //-invariant. We may think of the fact that Af should be H- 
invariant as the "zeroth obstruction" we have in order to equip Af with a structure 
of a Cf/-module category. 

In case Af is //-invariant, we choose equivalences if a : C a M-p Af — >• Af for every 
a G H . We would like these equivalences to give us a structure of a Cy-modulc 
category on Af. As one might expect, not every choice of equivalences will do that. 
If Af has a structure of a C#-module category, we will see in Section U that we 
have a natural action of H on the group T = Aut-D (Af) . In case we only know that 
Af is _ff-invariant, we only have an outer action of H on T (i.e. a homomorphism 
p : H — > Out(T)). The first obstruction will thus be the possibility to lift this outer 
action to a proper action. 

Once we overcome this obstruction (and choose a lifting $ for the outer action), 
our second obstruction will be the fact that the two functors 

F 1: F 2 : C a M v C b M v MN -)■ Af 

defined by 

Fi(X Ki Y H N) = (X ® Y) <g> N 

and 

F 2 (X MYMN)=X®{Y ®N) 

should be isomorphic. We will see that this obstruction is given by a certain two 
cocycle 2 (Af, c, H, M, $) e Z 2 (H, Z(AutT>(Af))). A solution for this obstruction 
is an element v e C X (H, Z(Aut v (Af))) that should satisfy dv = 2 (Af, c, H, M, $). 

Our last obstruction will be the fact that the above functors should be not 
only isomorphic, but they should be isomorphic in a way which will make the 
pentagon diagram commutative. This obstruction is encoded by a three cocycle 
3 (Af,c,H,M,(&,v,a) e Z 3 (H,k*). A solution j3 for this obstruction will be an 
element of C 2 {H, k*) such that d/3 = 3 (Af, c, H, Af, $, v, a). 

We can summarize our main result in the following theorem: 

Theorem 2. An indecomposable module category overC is given by a tuple (Af, H, $, v, ft), 
where Af is an indecomposable module category overT), H is a subgroup of G which 
acts trivially on Af, $ : H — > Aut(Autx>(Af)) is a homomorphism, v belongs to a 
torsor over H 1 (H, Z(Autx>(Af))), and j3 belongs to a torsor over H 2 (H, k*). 
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We shall denote the indecomposable module category which corresponds to the 
tuple (A/", H, $, v, (3) by A4(J\f, H, <1>, v, /3). In order to classify module categories, 
we need to give not only a list of all indecomposable module categories, but also 
to explain when does two elements in the list define equivalent module categories. 
We will see in Section |5] that if Ai(J\f, H, $, v, f3) is any indecomposable module 
category, g G G is an arbitrary element and F : C g TV = TV' is an equivalence 
of X>-module categories (where TV' is another indecomposable £>-module category), 
then F gives rise to a tuple (TV, gH g~ 1 , $', v', /?') which defines an equivalent C- 
module category. Our second main result is the following: 

Theorem 3. Two tuples (TV, H, $, v, f3) and (TV, H' , $', v' , /?') determine equiva- 
lent C -module categories if and only if the second tuple is defined by the first tuple 
and by some equivalence F as above. 

We shall prove Theorem [3] in Section [6] We will also decompose this condition 
into a few simpler ones: we will see, for example, by considering the case g = 1. 
that we can change $ to be t<&t , where t is any conjugation automorphism of 
Aut v {M). 

In Section[7]we will describe the category of functors Func{M : M) where TV and 
M. are two module categories over C. We will prove a Mackey type decomposition 
theorem, and we will also see that we can view this category as the equivariantiza- 
tion of the category Fun-p (TV, M ) with respect to an action of G. We will also be 
able to prove the following criterion of C to be group theoretical: C is a group theo- 
retical if and only if there is a pointed 2?- module category TV (i.e., V*^ is pointed), 
stable under the G-action, i.e., for every g E G, C g Kip TV = TV as 2?-module cat- 
egories. We shall also explain why this is a reformulation of the criterion which 
appears in [5]. 

A theorem of Ostrik says that any indecomposable module category over a fusion 
category T> is equivalent to a category of the form Mod-p — A, of right A-modules 
in the category T>, where A is some semisimple indecomposable algebra in the 
category T>. In other words- any module category has a description by objects 
which lie inside the fusion category T>. In Section [S] we will explain how we can 
understand the obstructions and their solutions, and also the functor categories, 
by intrinsic description; that is- by considering algebras and modules inside the 
categories V and C. 

This description will be much more convenient for calculations. It will also 
enables us to view the first and the second obstruction in a unified way. Indeed, in 
Section [5] we will show that we have a natural short exact sequence 

1 -> T A -> H -> 1 

and that a solution for the first two obstructions is equivalent to a choice of a 
splitting of this sequence (and therefore, we can solve the first two obstructions if 
and only if this sequence splits). We will also show, following the results of Section 
[51 that two splittings which differ by conjugation by an element of T will give us 
equivalent module categories. 

In Section |H] we shall give a detailed example. We will consider the Tambara 
Yamagami fusion categories, C = Ty(A, x, t). In this case C is an extension of the 
category VecA, where A is an abelian group, by the group Z2. 

Remark. During the final stages of the writing of this paper it came to our attention 
that Cesar Galindo is working on a paper with similar results. We would like to 
remark that our results and his were obtained independently. 
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2. Preliminaries 

In this section, C will be a general fusion category and T> a fusion subcategory 
of C. We recall some basic facts about module categories over C and V. For a more 
detailed discussion on these notions, we refer the reader to [7] and to [3]- Let TV 
be a module category over C. If X,Y € ObAf, then the internal horn of X and Y 
is the unique object of C which satisfies the formula 

Homr(W, Hom c (X, Y)) = Homj^(W <g> X,Y) 

for every W G OfeC. For every X G OWV the object Hom c (X, X) has a canonical 
algebra structure. We say that X generates M (over C) if A/" is the smallest sub 
C-module-category of M which contains X. For every algebra A in C, mode — A, 
the category of right ^4-modules in C, has a structure of a left C-module category. 
A theorem of Ostrik says that all module categories are of this form: 

Theorem 4. (see [7\) Let TV be a module category, and let X be a generator of M 
over C. We have an equivalence of C-module categories J\f = Mode — Hom (X, X) 
given by F(Y) = Hom{X, Y) . 

Next, we recall the definition of the induced module category. If A/" is a T>- 
module category, Indj-,(JV) is a module category over C which satisfies Frobenius 
reciprocity. This means that for every C-module category 1Z we have that 

Fun c (Ind%(N),K) Fun v {Af,K). 

The next lemma proves that the induced module category always exists. It will 
also gives us some idea about how the induced module category "looks like". 

Lemma 5. Suppose that J\f = modp — A for some algebra A G OVD . Then A can 
also be considered as an algebra in C, and Indj } (Af) = mode — A. 

Proof. Let us prove that Frobenius reciprocity holds. For this, we first need to 
represent 1Z in an appropriate way. We choose a generator X of 1Z over T>. It is 
easy to see that X is also a generator over C. Then, by Ostrik's Theorem we have 
that 1Z = mode — Hom c (X, X) over C, and TZ = mod-p — Hom -piX, X) over T>. 
If we denote Hom c (X, X) by B, then it is easy to see by the definition of Horn 
that Hom ^X, X) = B-p, where Bx> is the largest subobject of B which is also an 
object of T> (since T> is a fusion subcategory of C, this is also a subalgebra of B). By 
another theorem of Ostrik (see [7]), we know that Func(modc — A, mode — B) = 
bimodc — A — B. Using the theorem of Ostrik again, we see that Funr>(N ,7Z) = 
bimodx>{A — Bx>)- One can verify that the functor which sends an A — Bd bimodule 
Z in V to Z ®Bt, B gives an equivalence between the two categories. □ 

Remark 6. The fact that the induction functor is an equivalence of categories arise 
from the fact that for such a B, the equivalence between the categories mod-p — Bp 
and mode — B is given by X \— > X ®b-u B. 

One can show that the induced module category is also equivalent to C M-p N '. 

In particular, we have the following: 

Corollary 7. LetC be a fusion category and letV be a fusion subcategory of C. Let 
M be a module category over C. Suppose that X is a generator of J\f over C, and 
that the algebra A = Hom jX, X) is supported on T>. Then Af = Ind^modx, — A). 

3. Decomposition of the module category over the trivial 
component subcategory. the zeroth obstruction 

We begin by considering the action of G on P-module categories. For every g G 
G, C g is an invertible 2?-bimodule category. Therefore, if TV is an indecomposable 
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D-module category, the category C g M-p Af is also indecomposable. It is easy to 
see that we get in this way an action of G on the set of (equivalence classes of) 
indecomposable ©-module categories. Let now C be an indecomposable C-module 
category. We can consider L also as a module category over T>. We claim the 
following: 

Lemma 8. As a T>-module category, C is G -invariant. 

Remark 9. For this lemma, we do not need to assume that C is indecomposable. 
Proof. We have the following equivalences of P-module categories 

C a M v C^ Cg M v (C ^ C C) = 
{C g M v C)M C C^ {C g B p (BaecCa) £ = 
{(BaecCga) K c £ = C K c £ = C. 
This proves the claim. □ 

If H is a subgroup of G, we have the subcategory Ch = (B/ieff of C, which is 
an extension of T> by H. We claim the following: 

Proposition 10. There is a subgroup H < G, and an indecomposable Ch module 
category Af which remains indecomposable over V such that C = Ind c CH {Af). 

Proof. Suppose that C decomposes over T> as 

£ = ©£*. 

i=l 

For every g G G, we have seen that the action functor defines an equivalence of 
categories C g Hp C = C. Since 

n 

C g H„£S0C ff Hx) Ci, 

i=l 

we see that G permutes the index set {1, . . . , n}. This action is transitive, as oth- 
erwise C would not have been indecomposable over C. Let H < G be the stabilizer 
of L\. Then M = C\ is a C^-module category which remains indecomposable over 
V. Let X G ObCi be a generator of C over C (any nonzero object would be a 
generator, as C is indecomposable over C). By the fact that the stabilizer of C\ is 
H, it is easy to see that Hom c (X 1 X) is contained in Ch- The rest of the lemma 
now follows from corollary [7] □ 

So in order to classify indecomposable module categories over C, we need to clas- 
sify, for every H < G, the indecomposable module categories over Ch which remain 
indecomposable over T>. For every indecomposable module category C over C, we 
have attached a subgroup H of G and an indecomposable Ch module category C\ 
which remains indecomposable over T>. The subgroup H and the module category 
C\ will be the first two components of the tuple which corresponds to C. Notice 
that we could have chosen any conjugate of H as well. 

4. The first two obstructions 

Let C, M = C\ and H be as in the previous section. For every a G H we have an 
equivalence of V- module categories ip a : C a Klu Af = N given by the action of Ch on 
AT. Suppose on the other hand that we are given an i?-invariant indecomposable 
module category Af over T>. Let us fix a family of equivalences {ip a }a£H, where 
ip a ■ C a Af — > Af. Let us see when does this family comes from an action of Ch 
on Af. 
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We know that the two functors 



and 



C H H C h H Af C H ^Af^Af 



Ch^Ch^M 1Ch ^ ( ' ] C H ^Af^Af 



should be isomorphic. 

Since the action of Ch on Af is given by the action of T> together with the ipa's, 
this condition translates to the fact that for every a,b £ H the two functors 



and 



c a m v c b m v Af Ma ^ lM C ab m v Af% b N 



C a M v C b M v Af 1Ca ^" C a m v AfHN 



should be isomorphic. We can express this condition in the following equivalent 
way- for every a, b £ H , the autoequivalence of Af as a P-module category 

Y a ,t =Af % C a M v M 6 C a ®v C b M v Af 

-> Cab ^vAf ^ Af 
should be isomorphic to the identity autoequivalence. We shall decompose this 
condition into two simpler ones. 

Consider the group T — Aut-piAf), where by Autx> we mean the group of T>- 
autoequivalences (up to isomorphism) of Af. For a £ H and F £ T define a ■ F £ T 
as the composition 

Af C a M v Af 1Ca -f F C a M v AfH Af. 

We get a map $ : H — > Aut(T) given by &(g)(F) — h ■ F. This map depends on 
the choice of the ipa's and is not necessary a group homomorphism. However, the 
following equation does hold for every a, 6 £ H: 

*(a)$(&) = $(a&)CV aiiJ (4.1) 

where we write C x for conjugation by x £ V . 

Notice that ijj a is determined up to composition with an element in T, and 
that by changing ip a to be ip' a = jip a , for 7 £ T, we change <&(&) to be $(a)c 7 , 
where by c 7 we mean conjugation by 7. Equation 14.11 shows that the composition 
p = 7r<£>, where tt is the quotient map it : Aut(T) — > Out(T) does give a group 
homomorphism. Notice that by the observation above, p does not depend on the 
choice of the ipa's, but only on c, Af and H . We have the following 

Lemma 11. Let Af be H -invariant V-module category. There is a well defined 
group homomorphism p : H Out(T). If the tp a 's arise from an action of Ch on 
Af, then the map $ described above is a group homomorphism. 

Proof. This follows from the fact that by the discussion above, if the t/j a 's arise from 
an action of Ch on Af, then Y a .b is trivial for every a, b £ H, and by Equation I4.ll 
we see that $ is a group homomorphism. □ 

So c,Af and H determines a homomorphism p : H — > Out(T). We thus see that 
in order to give Af a structure of a Cjj-module category, we need to give a lifting 
of p to a homomorphism to Aut(T). The first obstruction is thus the possibility to 
lift p in such a way. 

Suppose then that we have a lifting, that is- a homomorphism $ : H — > Aut(T) 
such that 7r<I> = p. To say that 4> is a homomorphism is equivalent to say that we 
have chosen the V'a's in such a way that Cy a b = Id, or in other words- in such a 
way that for every a,b £ H, Y a .b is in Z(T), the center of T. 
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Notice that after choosing <&, we still have some liberty in changing the ip a 's. 
Indeed, if we choose ip' a = "faifa, where 7 a G Z(T) for every a 6 H, we still get the 
same <£, and it is easy to see that every ip' a that will give us the same $ is of this 
form. 

In order to furnish a structure of a Cp-module category on Af, we need Y a ^ to 
be not only central, but trivial. A straightforward calculation shows now that 
the function H x H — >• Z(T) given by (a, b) h-> F a j is a two cocycle. If we 
choose a different set of isomorphisms ^ = 7 a ^ a where 7 a G Z(r), we will get 
a cocycle Y 1 which is cohomologous to Y. So the second obstruction is the coho- 
mology class of the two cocycle (a, 6) n> Y ao . We shall denote this obstruction 
by 2 (Af,c,H,M,$) G Z 2 (iJ, Z(r)). Notice that this obstruction depends lin- 
early on M in the following sense: we have a natural homomorphism of groups 
£ : inv(Z(V)) — > T, given by the formula 

£(T)(iV) = T®N 

(that is- £(T) is just the autoequivalence of acting by T) It can be seen that if we 
would have chosen M' = M(, where £ G Z 2 (G, Z(V)), then we would have changed 
2 to be 2 resg(£*(C)). 

In conclusion- we saw that if A/" is a 2?-module category upon which H acts 
trivially, then we have an induced homomorphism p : H — >• Owt(r). The first 
obstruction to define on TV a structure of a C#-module category is the fact that 
p should be of the form 7r<l> where $ : H — >• Aut(Autx)(A/')) is a homomorphism. 
After choosing such a lifting $ we get the second obstruction, which is a two cocycle 
2 {M, c, H, M, $) e Z 2 (H, Z(T)). A solution to this obstruction will be an element 
v e C^iT, Z(T)) which satisfies 

dv = 2 (Af, c,H,M,$). 

We will see later, in Section [51 that to find a solution for the first and for the 
second obstruction is the same thing as to find a splitting for a certain short exact 
sequence. We will also see why two solutions v and v' which differs by a coboundary 
give equivalent module categories (and therefore we can view the set of possible 
solutions, in case it is not empty, as a torsor over i? 1 (7?, Z(T)). 

5. The third obstruction 

So far we have almost defined a C#-action on A/", by means of the equivalences 
ip a ■ C a Mt> Af — > N . The solutions for the first and for the second obstruction 
ensures us that for every a,b G H the two functors 

Fi : C a % v C b M v Af Ma ^ lN C ab Af % b Af 

and 

F 2 : C a § p C b § p Af 1Ca ^ b Ca^vM^N 

are isomorphic. 

For every a,b £ H, let us fix an isomorphism rj{a 1 b) : Fx — > F 2 between the two 
functors. In other words, for every X £ C a , Y G C and N G Af we have a natural 
isomorphism 

V(a, b) x ,Y,N ■■ {X ® Y) ® N -> X ® (Y ® N). 
Since F\ and F 2 are simple as objects in the relevant functor category (they are 
equivalences), the choice of the isomorphism r](a,b) is unique up to a scalar, for 
every a, & G H. 

The final condition for Af to be a C#-module category is the commutativity of 
the pentagonal diagram. In other words, for every a,b,d G H, and every X G C a} 
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Y E Cb, Z 6 Cd and TV 6 A/", the following diagram should commute: 



{X ® (Y ® Z j) ® TV 



Jj(a,6d)x,y®z,N 



X(g)((y®z)®iv) 



((X®Y)®Z)®N 



X ® {Y ® {Z ® TV)) 





[X®Y)®{Z® N) 



This diagram will always be commutative up to a scalar 0%(a, b, d) which depends 
only on a, b and d, and not on the particular objects X, Y, Z and N. One can also 
see that the function (a,b,d) h-> Oz(a,b,d) is a three cocycle on H with values 
in k* , and that choosing different 7/(a, &)'s will change O3 by a coboundary. We 
call O3 = 03(A/", c, iJ, Af, $,w,a) G H 3 (H,k*) the third obstruction. A solution 
to this obstruction is equivalent to giving a set of 77(0, &)'s such that the pentagon 
diagram will be commutative. We will see in the next section that by altering 77 by 
a coboundary we will get equivalent module categories. Thus, we see that the set 
of solutions for this obstruction will be a torsor over the group H 2 (H, k*) (in case a 
solution exists). Notice that this obstruction depends "linearly" on a, in the sense 
that if we would have change a to be a( where ( £ H 3 (G, k*), then we would have 
changed the obstruction by £. In other words: 



In this section we answer the question of when does the C-module categories 
M(N,H,$,v,j3) and M(Af' , H',$',v',/3') are equivalent. 

Assume then that we have an equivalence of C-module categories 



Let us denote these categories by M and M! respectively. Then F is also an 
equivalence of 2?-module categories. Recall that as ©-module categories, A4 splits 
as 



A similar decomposition holds for M! , 

By considering these decompositions, it is easy to see that F induces an equiv- 
alence of 2?-module categories between C g K-p N and N' for some g 6 G. Let us 
denote the restriction of F to C g as a functor of 2?- module categories by tp. 

We can reconstruct the tuple (A/"', H' , v',/3') from tp in the following way: We 
have already seen that TV' is equivalent to C g M-pAf and that the stabilizer subgroup 
of the category TV' will be H' = gHg^ 1 . 

Let us denote by T' the group Aut?>(N'). We have a natural isomorphism v : 
r — > r' given by the formula 



3 (TV, c, H, M, $, v, otf = 3 (TV, c, H, M, $, v, a)resg(C). 
This ends the proof of Theorem [5J 



6. The isomorphism condition 



F : M(Af,H,$,v,P)->M(Ar',H',&,v',P'). 



c g m v N. 



g&G/H 



v(t) : N' % C g M v N ^ C g ^ v M 4 A/"'. 



Using the functor tp and the map v we can see that the map 

p' : gHg- 1 -> Out(T') 
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which appears in the construction of the second module category is the composition 
gHg- 1 % H 4 Out{T) -> Out(T'), 

where the last morphism is induced by v. The map <&' which lifts p' will depend on 
$ in a similar fashion. The same holds for the second obstruction and its solution. 

For the third obstruction, the situation is a bit more delicate. Since F is a 
functor of C-module categories, we have, for each a G H, a natural isomorphism 
between the functors 

c gag -i m v (c g m v AO X T c gag -i m v Af' ^ Af' 

and 

C gag -i S p (C g Kb N) ^C g M v M ^ Af' 

For any a G H, the choice of the natural isomorphism is unique up to a scalar. 
A direct calculation shows that if we change the natural isomorphisms by a set 
of scalars ( a , we will get an equivalence M(N, H, $, v, 0) -> M(N', H' , v', (3") 
where j3" = fi'dC,. This is the reason that cohomologous solutions for the third 
obstruction will give us equivalent module categories. 

In conclusion, we have the following: 

Proposition 12. Assume that we have an isomorphism F : A4(Af,H,$,v,f3) — > 
M. (A/"', H', $',?/, /3') Then there is a g G G such that F will induce an equivalence 
of T> -module categories C g H-p A/" — > A/"', and the data (J\f',H',<&',v',j3') can be 
reconstructed from tp in the way described above fi3' will be reconstructible only up 
to a coboundary) . 

Notice that we do not have any restriction on tp. In other words, given any 
t F : C g Hp AT — ► A/ 7 we can always reconstruct the tuple (A/"', H',$',v', (3') in the 
way described above. 

We would like now to "decompose" the equivalence in the theorem into several 
steps. The first ingredient that we need in order to get an equivalence is an element 
g G G such that C g M v M = N'. 

Consider now the case where this ingredient is trivial, that is- g = 1, AA = A/ 7 
and H = H'. In that case tp is an autoequivalence of the 2?-module category Af. 
Let us denote by ip a : C a M v JV -> J\f and by tp' a : C a M v Af -> JV the structural 
equivalences of the two categories (where a G H). Since F is an equivalence of 
C-module categories, we see that the following diagram is commutative: 



C a M-pAf 



C a Klr> Af ■ 



and a direct calculation shows that $ and <&' satisfy the following formula: 

$'(a)(V) = tF^a^Vtp)^ 1 (6.1) 

where V is any element in T. 

Another way to write Equation 16.11 is <&' = Ct P ^c^„ , where by c± F we mean the 
automorphism of V of conjugation by tp . In other words- this shows that we have 
some freedom in choosing $, and if we change $ in the above fashion, we will still 
get equivalent categories. 

Consider now the case where also $ = This means that for every a G H the 
element tpQ(a)(tp ) _1 is central in T. A direct calculation shows that the function 
r defined by r(a) = tp$(a)(tp)~ 1 is a one cocycle with values in Z(T), and that 
v/v' = r. Notice in particular that by choosing arbitrary tp G Z(T) we see that 
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cohomologous solutions to the second obstruction will give us equivalent categories. 
However, we see that more is true, and it might happen that non cohomologous v 
and v' will define equivalent categories. 

Last, if the situation is that tp = Q(a)(tp) for every a G H, we will have 
the same (Af,H,$>,v), but j3 might be different. We have seen that if /3 and /3' 
are cohomologous they will define equivalent categories, but it might happen that 
noncohomologous /? and (3' will define equivalent categories as well. 

7. Functor categories 

In this section we are going to describe the category of functors between module 
categories over an extension in terms of module categories over the trivial compo- 
nent of the extension. We prove a categorical analogue of Mackey's Theorem and 
we give a criterion for an extension to be group theoretical. In addition, given that 
C is a G-extension of V, we describe the category Func(Mi, M 2 ) of C-module func- 
tors as an equivariantization of the category Fun,T>{M.\, M 2 ) of 2?- module functors 
with respect to G. 

7.1. Mackey's Theorem for module categories. Let C be a G-extension of V. 
For any subset S C G denote the subcategory (§) g( zgCg by C5. If S is a subgroup of 
G then Cs is a fusion subcategory. Let H and K be subgroups of G and let TV be 
a C^-module category. We prove now a categorical version of Mackey's Theorem. 

Theorem 13. (C M Ck M)\c h - @h 9 k C h ^c h9 TV 9 7 where H<> = H n gKg- 1 and 
TV 9 = (C g K ^c K N)\hq is Cub -module category and the sum is over all the double 
cosets. 

Proof. First, consider the transitive H x i4T op -action on HgK . The stabilizer of g is 
{(gkg" 1 , k~ 1 )\k G K.gkg^ 1 G H}. Hence, Ch 9 k is isomorphic to Ch ^c H g C g x as 
(C^,Ck )-bimodule category. Next, (CMc K N)\c H — ®n g K ^HgK ^c K N where the 
sum is over all the double cosets. Finally C Hg K B Cjf TV = (C H ^c H g c 9 k) ^c k N= 
C h ®c h9 (C gK ®c K M)= C H ®c h9 Af 9 . □ 

Remark 14. The above theorem could be stated in the original Mackey's Theorem 
language, namely res H ind K (Af) = @H g K^ n< ^Ha res H!i{^' 9 )- O ne notices that the 
proof of the theorem uses only basic consideration about double cosets. 

7.2. Functor categories. Assume that we have two module categories Aii — 
M(Af,H,$,v,P), and M 2 = M(Af', H', v', /?')■ Let us denote H' by K. Our 
goal is to calculate Func{M.\, M 2 ) in terms of functor categories over V. We have 

Fun c {M 1 ,M 2 ) = Fun c (C ® Ch TV, C K C/f TV'). 

By Frobenious reciprocity 

Fun c {C m CH N,C^ Ck M') £* Fun Cll (TV, [C ® Ck M')\c h )- 

Since a module category is, by definition, a semisimple category every functor has 
both a left adjoint and a right adjoint. Taking left adjoints (right adjoints) gives 
us an equivalence of the corresponding functor categories. 

Thus we obtain the following equivalence by taking left adjoints 

Fun CH (M, (C M Ck TV')| Ch ) = Fun CH ((C ® Ck M') ]Ch ,M). 
By Mackey's Theorem for module categories we have 

Fun CH ((C M Ck M% h ,N) = Fun CH ((& C H H CffS M' 9 ,N) 

HgK 
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and 

Fun CH (($ C H Mc Ha Af' 9 ,Af) = Fun CHg (N' 9 ,N\c H9 )- 

HgK HgK 

Finally, by taking right adjoints, we end up with the following 
Proposition 15. In the above notations 

Fun c (M 1 ,M 2 ) = Fun CHg {X\c Ha M' 9 )- 

HgK 

7.3. A criterion for an extension to be group theoretical. Let C be a fusion 
category. Recall that a C-module category AA is called pointed if C* M , the dual 
category with respect to AA , is pointed. We say that C is group theoretical in case 
C has a pointed module category. As can easily be seen, C is pointed if and only if 
it has an indecomposable module category Af such that any simple C-linear functor 
F : Af — > Af is invertible. 

We now prove a criterion for an extension category to be group theoretical. 

Theorem 16. Let C be a G-extension ofT>. C is group theoretical if and only if 
T> has a pointed module category Af which is G-stable, namely, for every g G G, 
Af = C g M v Af. 

Proof. Suppose Af is a pointed G-stable 2?-module category. Consider AA = CM-pN '. 
By Frobenious reciprocity we have 

Fun c (M,M) = ® geG Fun v (Af,C g Kb A/"). 

Since for any g G G it holds that C g Kip Af = Af and since all simple functors in 
Funx>(Af,Af) are invertible, we see that the same happens in Func(AA, AA), that 
is- AA is pointed over C and C is group theoretical. 

Conversely, suppose that C is group theoretical and suppose AA is an inde- 
composable pointed C-module category. We thus know that any simple functor 
F : AA — » M is invertible. We also know that there is a subgroup H < G and an in- 
decomposable Cf/-module category Af such that M. = C ^c H N — ®gHeG /H^g ^vAf 
Since A4 is indecomposable, it is easy to see that for every g G G there is some 
simple C-endofunctor F : M — > M such that F(Af) C C g M-p N. But such a func- 
tor must be invertible, and it follows that F induces an equivalence of T> module 
categories AT = C g Hp Af. Thus Af is G-invariant. 

Next, we would like to prove that T>*j^ is pointed. By Frobenius reciprocity we 
ha,ve Fun c {M, M) = ® gHeG / H Fun CH {Af,Cg^J^) Thus the category Fun Cll (Af, Af) 
is a sub- fusion category of the pointed category Func(A4, A4.) and is therefore 
pointed. We have a forgetful functor Func H (Af,Af) —> Funx>(Af,Af) which is 
known to be onto (see Proposition 5.3 of [3]). This implies that Funx>(N ,Af) is 
pointed, as required. □ 

Remark 17. The above criterion is actually equivalent to the one given in Corollary 
3.10 of [S], namely, C is group theoretical if and only if Z(V) contains a G-stable 
Lagrangian subcategory. In order to explain why the two conditions are equivalent, 
recall first the definitions of a Lagrangian subcategory and of the action of G on 
Z(D). A Lagrangian subcategory of Z(V) is a subcategory £ such that £' = £ 
(see Section 3.2 of pQ for the definition of '). The action of G on Z(D) is defined 
as follows: the center Z(T>) can be considered as Fun-psvp ^) > the category of 
2?-bimodule endofunctors of V. Given an element g G G and a £>-bimodule functor 
F : V -> V, the functor g(F ) : V -> V is defined via 

V — =*- C g ® v V M v m ^ F ^K Cg M v V m v Cg-i V ■ 
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In Theorem 4.66 of [T] it was proved that there is an equivalence between Lagrangian 
subcategory of Z(T>) and pointed V module categories. Since G acts on the center 
of T>, it also acts on the set of Lagrangian subcategories of Z(V). Let AT be a T>- 
module category and let £ be the corresponding Lagrangian subcategory of Z(V). 
From the above definition of the G action on Z(T>) it is possible to see that for any 
g £ G, the lagrangian subcategory which corresponds to g • TV is g ■ C. Therefore, 
Z(T>) admit a G-stable Lagrangian subcategory if and only if T> has a pointed 
G-stable module category. 

7.4. Functor categories as equivariantizations. In this subsection we shall de- 
scribe the category of C-module functors between the module categories M (TV, H,&,v 
and M(Af' , H', v', /?'). For simplicity we shall denote these categories as Mi 
and M.2 respectively. 

Consider the category Fun-p(Mi, M.2)- This is a fc-linear category which by 
Theorem 2.16 of [3] is semisimple. 

Lemma 18. There is a natural G-action on Funx>(Mi, M 2) induced by the struc- 
ture of C-module categories on Mi and M.2- 

Proof. There are D-module equivalences %\) s : C g Mx>Mi = Mi and 4> g : C g MxiM2 — 
M2, for every g £ G, defined by the C-module structure on Mi and M2- Let 
F : Mi — >• M2 be a V- module morphism, we define g ■ F to be the following 
functor 

VC 1 IdcMvF d, 

Mi C g § p Mi C g M v M 2 — 3 -+ M 2 ■ 

One can easily check that this defines an action of the group G on the category 
Funx>(Mi,M2) in the sense of [2] 

□ 

Since we have a G-action on Funx>(Mi, M2), we can talk about the equivari- 
antization Funx>{Mi, M2) G ■ By definition, an object in Fuhi-d(Mi, M2) is a 
pair (F, {T g }g & c), where T g : g ■ F — > F are natural equivalences which satisfy a 
certain coherence condition (for the exact definition, see [5]). Let F : Mi — > M2 
be a 2?-module functor. 

To give F : Mi — > M2 a structure of a C-module functor is the same thing as 
to give, for every g £ G, a natural isomorphism between the functors C g M-p Mi — > 

F 1&\F 

Mi -> M2 and C g M-p Mi -} C g Hp M2 -t M2- It can easily be seen that this 
is equivalent to give F a structure of an object in the equivariantization category. 
Let us conclude this discussion by the following 

Proposition 19. The category Func{Mi, M2) is equivalent to the equivarianti- 
zation Funx>(Mi, M2) G of the category Fun-r>(Mi, M2) with respect to the afore- 
mentioned G-action. 

Remark 20. Let M be an indecomposable C-module category. Although C* M = 
Func(M, M) is a fusion category, Fun-p(M, M) is, in general, only a multifusion 
category because M might be decomposable as X>-module category. Equivarianti- 
zation has only been defined in the context of fusion categories. However, the 
definition in context of multifusion categories is mutatis mutandis. Notice that is 
case of multifusion equivariantization we don't always have the Rep(G) subcategory 
supported on the trivial object. 

In the next section we will give an intrinsic description of the functor categories, 
as categories of bimodules. 
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8. An intrinsic description by algebras and modules 

The goal of this section is to explain more concretely the action of the grading 
group on indecomposable module categories, the action of the grading group on 
Autxi{M)i the obstructions and their solutions. 

In [7] Ostrik showed that any indecomposable module category over a fusion 
category C is equivalent as a module category to the category M ode — A for some 
semisimple indecomposable algebra A in C. In this section we will realize all the 
objects described in the previous sections by using algebras and modules inside C. 
As before, we assume that C = (B ge Q C g , we denote C\ by V and Aut-p(Af) by T. 

8.1. The action of G on indecomposable module categories. Assume that 
A is a semisimple indecomposable algebra inside V. Let Af = Modx> — A be the 
category of right A-modules inside T>. We denote by Mode — A the category of 
A- modules with support in C g . We claim the following: 

Lemma 21. We have an equivalence of T> -module categories C g Mx>Af = M odc g — A. 

Proof. We have already seen in Section [5J that we have an equivalence of C-module 
categories 

CM v J\f = Modc(A) 

which is given by X Kl M i-f X ® M. As a D-modules category, the left hand 
category decomposes as © geG C g Kip Af and the right hand category decomposes 
as (B geG Modc g — A. It is easy to see that the above equivalence translates one 
decomposition into the other, and therefore the functor C g Kp Af — > Mode — A 
given by X Kl M h-> X <E> M is an equivalence of P-module categories. □ 

Next, we understand how we can describe functors by using bimodules. 

Lemma 22. Let Af — M od-p — A and A/"' = Modp — A' , and let g S G. Then every 
functor F : Af -)• CgM-pM' is of the form F(T) — T ®a Y for some A- A' bimodule 
Y with support in C g , here we identify C g M-p AT' with Mode. ~ A' as above. 

Proof. The proof follows the lines of the remark after Proposition 2.1 of [S]. We 
simply consider F(A). The multiplication map A ® A —> A gives us a map A (g> 
F(A) — > F(A), thus equipping F(A) with a structure of a left A-module. We now 
see that F(A) is indeed an A — A' bimodule. Since the category AT is semisimple 
the functor F is exact. Since every object in Af s a quotient of an object of the 
form X ® A for some X £ C, we see that F is given by F(T) — T ®a F{A). □ 

Remark. Notice that by applying the (2-)functor C s -i Bp — we see that every 
functor C g Kip Af' — > Af is given by tensoring with some A' — A bimodule with 
support in C g -i . 

8.2. The outer action of H on the group Aut-p(Af). The first two ob- 
structions. Assume, as in the rest of the paper, that we have a subgroup H < G 
and a module category Af = Modx> — A, and assume that Fh : Af = Ch Bp Af 
for every h € H . It follows from Lemma [55] that this equivalence is of the form 
Fh(M) — M ®AAh for some A — A bimodule Ah with support in Ch- The fact that 
this functor is an equivalence simply means that the bimodule Ah is an invertible 
A — A bimodule. In other words- there is another A — A bimodule Bh (whose sup- 
port will necessary be in C^-i) such that Ah ®a Bh — Bh ®a Ah = A. By Lemma 
l2"2l we can identify the group V = Aut-p(Af) with the group of isomorphisms classes 
of invertible A — A bimodules with support in T>. 

Denote by A the group of isomorphisms classes all invertible A — A bimodules 
with support in Ch- Since every invertible A — A bimodule is supported on a single 
grading component, we have a map p : A — > H which assigns to an invertible A — A 
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bimodule the graded component it is supported on. We thus have a short exact 
sequence 

l^r^A^tf^l. (8.1) 

Using this sequence, we can understand the outer action of H on Aut-p{Af), and 
the first and the second obstruction. The outer action is given in the following way: 
for h £ H, choose an invertible A — A bimodule Ah with support in Ch- Choose an 
inverse to Ah and denote it by A~^ 1 . Then the action of h G H on some invertible 
bimodule M with support in T> is the following conjugation: 

h-M = A h ® A M 8 A A k _1 . 

This action depends on the choice we made of the invertible bimodule Ah. 

The first obstruction is the possibility to lift this outer action to a proper action. 
In other words, it says that we can choose the A^'s in such a way that conjugation 
by Ah ® Ah' is the same as conjugation by Ahh', or in other words, in such a way 
that for every h, h! G H, the invertible bimodule 

B h ,h> = A h ® A A h > ® A All, 

will be in the center of T (again- we identify T with the group of invertible bimodules 
with support in T>) . A solution for the first obstruction will be a choice of a set of 
such bimodules Ah- 

The second obstruction says that the cocycle (h, h') i— > Bh,h' is trivial in H 2 (H, Z '{Aut-p{Af)) . 
This simply says that we can change Ah to be Ah^ADh for some Dh G Z{Autx>{Af)), 
in such a way that 

{A h ®a D h ) ®a {A h ' ®a D h ') ®a {A hh ' ®a Dhh'Y 1 = A 

as A-bimodules. A solution for the second obstruction will be a choice of such a set 
Dh of bimodules. 

It is easier to understand the first and the second obstruction together: we 
have one big obstruction- the sequence 18.11 should split, and we need to choose a 
splitting. First, if the sequence splits, then we can lift the outer action into a proper 
action, and we need to choose such a lifting. Then, the obstruction to the splitting 
with the chosen action is given by a two cocycle with values in the center of T. 
Thus, a solution for both the first and the second obstruction will be a choice of 
bimodules Ah for every h G H such that the support of Ah is in Ch and such that 
Ah ®a Ah' = Ahh' for every h, h' G H. Following the line of Section H2 we see that 
we are interested in splittings only up to conjugation by an element of T. 

8.3. The third obstruction. Assume then that we have a set of bimodules Ah as 
in the end of the previous subsections. We would like to understand now the third 
obstruction. 

Recall that we are trying to equip Af with a structure of a C#-module cate- 
gory. By Ostrik's Theorem (see [7]), there is an object Af G Af such that A = 
Hom -pjN. N) where by Hom -p we mean the internal Horn of Af, where we consider 
Af as a 2?-module category. So far we gave equivalences Fh : Af — > Ch A/". If Af 
were a C^-module category via the choices of these equivalences, then the internal 
Cn-Hom, A = Hom C lI {N, N) would be 

^=04 

We thus see that to give on Af a structure of a C#-module category is the same 
as to give on A a structure of an associative algebra. For every h, h' G H . choose 
an isomorphism of A — A bimodules Ah <E)a Ah> — > Ahh'- Notice that since these 
are invertible A — A bimodules, there is only one such isomorphism up to a scalar. 
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Now for every h, h' , h" G H , we have two isomorphisms (Ah (8u Ah') <S>a Ah" — > 
A hh 'h", namely 

(A h <8u A h ') ®a A h " -> A hh > ®a A h " -> Ahh'h" 

and 

(A h ® A A h ') (Ei a A h " -> ®a (A,,/ ® A ^h") -> Ah ®a Ah'h» -> Ahh'h"- 

This two isomorphisms differ by a scalar b(h,h' ,h"). The function (h,h',h") H> 
b(h, h', h") is a three cocycle which is the third obstruction. A solution to the third 
obstruction will thus be a choice of isomorphisms Ah ®a Ah< — > Ahh' which will 
make A an associative algebra. Once we have such a choice, we can change it by 
some two cocycle to get another solution. 

8.4. Functor categories. We end this section by giving an intrinsic description of 
functor categories. Assume that we have two module categories A4 1 = M(J\f, H, <£>, v, 
and M2 = M(N' , H' , v', /?')• Let us denote H' by K. As we have seen 
in the previous subsections, if Af = Mod-® — A\ and M' = Mod-p — B\, then 
A4i = Mode — A and M2 — Mode — B, where A is an algebra of the form 
©heijAh, and a similar description holds for B. 

The functor category Func(Mi, M.2) is equivalent to the category of A — B- 
bimodules in C. Since A and B have a graded structure, we will be able to say 
something more concrete on this category. 

Let X be an indecomposable A — _B-bimodule in C. It is easy to see that the 
support of X will be contained inside a double coset of the form HgK for some 
g G G. Since the bimodules Ah and Bk are invertible, it is easy to see that the 
support will be exactly this double coset. 

Consider now the <?-component X g of A. As can easily be seen, this is an 
Ai — Si-bimodule. Actually, more is true. Consider the category C §C op . Inside 
this category we have the algebra 

(AB) g = ® xeHngKg -iA x M B g -i x ~i g 

with the multiplication defined by the restricting the multiplication from AM B E 
C Kl C op . The category C is a C Kl C op -module category in the obvious way, and we 
have a notion of an (A_B) g -module inside C. 

Lemma 23. The category of (AB) g - modules inside C is equivalent to the category 
of A — B-bimodules with support in the double coset HgK. 

Proof. If X is an A — _B-bimodule with support in HgK , then X g is an (AB) g - 
module via restriction of the left A-action and the right B-action. Conversely, if V 
is an (AB) g -module inside C, we can consider the induced module 

(A SI B) ® (AB)g V. 

This is an A — B-bimodule, and one can see that the two constructions gives equiv- 
alences in both directions. □ 

Remark. This is a generalization of Proposition 3.1 of [5], where the same situation 
is considered for the special case that C = Vec 1 ^ and T> = 1. Also, notice that the 
decomposition to double cosets is the one which appears in Theorem [?] 

In conclusion, we have the following 

Proposition 24. The functor category Fune(A4i, M.2) is equivalent to the cat- 
egory of A — B-bimodules. Each such simple bimodule is supported on a double 
coset of the form HgK , and the subcategory of bimodules with support in HgK is 
equivalent to the category of (AB) g -modules inside C. 
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9. A DETAILED EXAMPLE: CLASSIFICATION OF MODULES CATEGORIES OVER THE 
TAMBARA YAMAGAMI FUSION CATEGORIES AND THEIR DUAL CATEGORIES 

As an example of our results, we shall now describe the module categories over 
the Tambara Yamagami fusion categories C = l~y(A, x, t) and the corresponding 
dual categories. Let A be a finite group. Let Ra be the fusion ring with basis 
A U {m} whose multiplication is given by the following formulas: 



In [TU] Tambara and Yamagami classified all fusion categories with the above fusion 
ring. They showed that if there is a fusion category C whose fusion ring is Ra then 
A must be abelian. They also showed that for a given A such fusion categories 
can be parameterized (up to equivalence) by pairs (x, r) where \ : A x A — > k* is 
a nondegenerate symmetric bicharacter, and t is a square root (either positive or 
negative) of jjy . We denote the corresponding fusion category by C :— Ty(A, \, r). 

The category C is naturally graded by Z2 = {a). The trivial component is 
VecA (with trivial associativity constraints) and the nontrivial component, which 
we shall denote by Ai, has one simple object m. In [3] the authors described how 
the Tambara Yamagami fusion categories corresponds to an extension data of VecA 
by the group Z2 . We shall explain now the classification of module categories over 
Ty(A, x, t) given by our parameterization. 

Since A is an abelian group and the associativity constraints in VecA are trivial, 
module categories over VecA are parameterized by pairs (H, ip) where H < A is a 
subgroup and ip 6 H 2 (H, k*). We shall denote the corresponding module category 
by A4(H,ip). As explained in Section |3l we have a natural action of Z2 = (a) on 
the set of equivalence classes of module categories over VecA- We shall describe 
this action in Subsection 19. II 

Recall that the second component in the parameterization of a module category 
is a subgroup of the grading group. If this subgroup is the trivial subgroup, then 
we will just have a category which is induced from VecA- It is easy to see that such 
categories decompose over VecA to the direct sum of two indecomposable module 
categories. In that case, all the obstructions and solutions will be trivial. If this 
subgroup is Z2 itself, we will have a C-module category structure on A4(H,ip) for 
some H and some t/j. In that case, it must hold that a(H, ip) = (H, ip) 7 and we may 
have some nontrivial obstructions and solutions. 

The rest of this section will be devoted to analyze the action of a and the 
obstructions and their solutions (for the case in which we have obstructions). We 
will also describe the relations of our result with the result of Tamabra on fiber 
functors on Tamabara Yamagami categories, and also describe the dual categories. 

We would like now to describe the main result of this section. We will split 
our main classification result into two proposition, according to the subgroup of Z2 
which appears in the parameterization. Our first proposition follows in a straight 
forward way from the discussion in the previous sections 

Proposition 25. Module categories over C whose parameterization begins with 
(M.(H, ip), 1, . . .) are the induced categories Indy eCA {Ai{H,ip)). We will have an 
equivalence of C module categories Indy eCA (Ai(H,tp)) = Indy eCA (A4(H' ,ip')) if 
and only if (H, ip) = (H' , tp') or if {H, ip) =a(H'ip'). 



g ■ h — gh, Vg, h G A 



g ■ m = m ■ g = m 



m ■ to 
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In order to describe the other case, we need some notations. Suppose that 
H < A is a subgroup which contains H^- (the subgroup perpendicular to H with 
respect to x). If we denote by H := H/H , then \ induces a non-degenerate 
symmetric bicharacter \ : H x. H — > fc*. If ip £ H 2 (H, k*) satisfies Rad(tp) = H 
(the definition of rad(ip) is given in Subsection 19. 1[) . then ip is the inflation of a 
nondegenerate two cocycle -0 on H. We will usually not distinguish between i/j and 



Proposition 26. for Ai(H,tp) to have a structure of a C module category, it is 
necessary that a(H,ijj) — (H,tfj). This implies that Rad(ip) = H < H. If this 
holds, then C-module categories structures on M(H,ip) are parameterized by pairs 
(s, V) where s : H/H^ — > H/H^ is an involutive automorphism, and v : H/H^ — > 
k* is a function which satisfy for every a, b G H / H 1 ^ 



Two such pairs (s, v) and (s', v') will give equivalent module category structures on 
M(H,i/j) if and only if s = s' and there exist a character : H/H-*- —¥ k* such 
that v{h)/v'{h) = r)(h)/r)(s(h)). 

9.1. The action of a on indecomposable module categories and repre- 
sentations of twisted abelian group algebras. Recall that the VecA module 
category N — A4(H,ip) is the category of right modules over the algebra k p ^H 
inside VecA- We would like to understand the VecA module category M. E3y eC4 N. 

As explained in Section [51 this module category can be described as the category 
of right fc^-ff-modules with support in the category Ai, the nontrivial grading 
component of C. A fc^iZ-module with support in M. is of the form m ® V where 
V is a vector space which is a fc^iJ-module in the usual sense. So the category 
Ai Mvec A A/" is equivalent, at least as an abelian category, to the category of k^H- 
modules in Vec. 

We would like to describe AAMv e c A N as a module category of the form A4(H', ip') 
for some H' < A and some two cocycle ip' £ H 2 (H' ,k*). In order to do so, we 
begin by describing the simple k^H modules in Vec (they will correspond to the 
simple objects in M ^vec A A/"). 

Let k^H — (BheHUh- The multiplication in k^H is given by the rule UhUk = 
ip(h, k)Uhk- Denote by R = Rad(ip) the subgroup of all h £ H such that Uh is 
central in k^H. 

As the field k is algebraically closed of characteristic zero and H is abelian, the 
data that stored in the cocycle ip is simply the way in which the Uh's commute. 
More precisely- let us define the following alternating form on H: 



It turns out (see [9]) that the assignment ip *—> ^ depends only on the cohomol- 
ogy class of ip, and that it gives a bijection between H 2 (H,k*) and the set of all 
alternating forms on H. The elements of R can be described as those h £ H such 
that £ip(h, — ) = 1. As can easily be seen, ^ is the inflation of an alternating form 
on H/R. It follows easily that t/j is the inflation of a two cocycle on Hj R. 

It can also be seen that £^ is nondegenerate on H/R and that k^H/R = M n (k) 
where n = s/\H/R\. It follows that k^H/R has only one simple module (up to 
isomorphism) which we shall denote by V\ (i.e, ip is non degenerate on H/R). By 




s(a)—a 



^(a,b) = i>(a,b)/il>{b,a). 
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inflation, V\ is also a fc^iJ-module. Let ( be a character of H, and let be the 
corresponding one dimensional representation of H. Then ® Vi is also a simple 
module of k^H, where H acts diagonally. It turns out that these are all the simple 
modules of k^H, and that V^ = V^ 2 if and only if the restrictions of Ci and (2 to 
R coincide. 

The simple modules of k^H are thus parameterized by the characters of R (we 
use here the fact that the restriction from the character group of H to that of R 
is onto). For every character £ of R, we denote by Vc the unique simple module 
of k^H upon which R acts via the character (. So the simple /c^iZ-modules with 
support in A4 are of the form m ® . 

In order to understand the structure of M Kly eCA W as a VecA module category, 
let us describe V a ® (m ® V£) for a € A It can easily be seen that this is also a 
simple module, so we just need to understand via which character R acts on it. 
Using the associativity constraints in Ty(A, x, r), we see that for v G V£ and r 6 R 
we have 

(14 ® m ® t>) • t/ r = x(a, r)V a ® (to ® v • U r ) — x(a, r)Q{r)V a ® to ® v. 
This means that V a ® (to ® V£) = m ® ^Cx(a,-)- So the stabilizer of V^ is the 
subgroup of all a e A such that x(a, r) = 1 for all r £ R, i.e., it is R^. It follows 
that M 

^Vec A N i s equivalent to a category of the form M{R i ~, ip). Where ip is 
some two cocycle. 

Let us figure out what is ip. If a e R ± , then the restriction of x(a, — ) to H is a 
character which vanishes on R. Therefore, there is a unique (up to multiplication 
by an element of R) element t a £ H such that £^(t a , — ) = \{a, —). It follows that 
there is an isomorphism r a : V a ® (m ® Vi) — > m ® V\ which is given by the formula 
V a ® (m ® v) M> to ® (w • f/t a ). Now for every a, £ i?^, ^(a, 6) should make the 
following diagram commute: 



(V a ® Vfe) (8) (m ® Vi) K ® (V& ® (m ® Vi)) ^ V a ® (m ® Vi) 

^(0,6) ' 
TO ® Vi S- TO ® Vl 

An easy calculation shows that this means that tp(a, b) = ip(tb,t a ). We thus have 
the following result: 

Lemma 27. We have a ■ M(H, ip) = MiR^ , tp) where R is the radical of ip and ip 
is described above. 

Suppose now that a ■ M(H,ip) = M(H,ip). This implies that Rad(ip) = H ± . 
The bicharacter \ defines by restriction a pairing on H x H, and by dividing out 
by , we get a nondegenerate symmetric bicharacter \ '■ H/ H 1 ' x Hj H 1 - — > k* . 
It is easy to see that the assignment h i-> th that was described above induces an 
automorphism s of H/H 1 ^ which satisfies 

X(a,b) = ^(s(a),b). (9.1) 

The fact that ip = ip means that £^(s(b), s(a)) = £$(a, b). Equivalently, this means 
that x(a, b) = £^(s(a), b) = £^(s(6), s 2 (a)) = x(b, s 2 (a)) and since x is nondegener- 
ate, this is equivalent to the fact that s 2 — Id. 
In summary: 

Lemma 28. We have a ■ M(H,ip) = M(H,ip) if and only if the following two 
conditions hold: 
l.H 1 - < H. 
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2. There is an automorphism s of order 2 of H/H such that (a,b) H> x(s(a),&) 
is an alternating form, and the inflation of this alternating form to H is . 

9.2. The vanishing of the first obstruction and invertible bimodules with 
support in VecA- Assume now that we have a module category A4(H,ij}) such 
that a-A4(H, ip) = M(H, ip). We would like to describe all module categories whose 
classification data begins with (A4(H, ip), Z2, . . .). In other words- we would like to 
describe all possible ways (if any) to furnish a structure of a C module category on 
M{H,i>). 

So let s be an automorphism as in Lemma 1281 In order to explain the first 
obstruction for furnishing a Ty(A, r)-module category structure on A4(H,tp), 
we need to consider the group of invertible fc^-ff-bimodules in Ty(A, x, t). As we 
have seen in Section [51 such an invertible bimodule with support in Vcca {M) 
corresponds to a functor equivalence F : J\f — > Af (F : A4 23y eCA Af Af). The 
functor is given by tensoring with the invertible bimodule. 

Let us first classify invertible W H -bimodules with support in VecA- Their de- 
scription was given in Ostrik's paper [5J . We recall it briefly. 

If a € A and A is a character on H, we define the bimodule M a> \ to be 

where the action of k^H is given by 

U h ■ V ah , ■ U h , = il>(h,h')\(h)il)(hh',h")V aMl >h». 
Choose now coset representatives ax,... ,a r of H in A. Proposition 3.1 of [5] 
tells us that the modules M au \ where i — 1, . . .r and A e H are all the invertible 
k^H bimodules, and each invertible bimodule with support in VecA appears in this 
list exactly once. 

By a more careful analysis we can get to the following description of the group of 
invertible bimodules: we have a homomorphism £ : H — >• H given by h <— > £ip(h, — ). 
Then the group E of all invertible bimodules with support in Vcca can be described 
as the pushout which appears in the following diagram: (see Theorem 5.2 of [6J for 
a more general result) 

H *• A 

H 

The group E is thus also isomorphic to the group Autvec A (M-(H,ip)). Notice 
that the group E is abelian. A solution to the first obstruction is a lifting of the 
natural map (see Section 2]) Z2 — > Out(E) to a map Z2 — > Aut(E) But since E is 
abelian, Out(E) = Aut(E), so this problem is trivial, and it has only one solution. 
So we have a proper (and not just outer) action of Z2 on E. 

9.3. The group of all invertible bimodules and the second obstruction. 

Since M(H, tp) is cr-invariant, we see by Section[5]that the group E of (isomorphism 
classes of) invertible k^H bimodules in C is given as an extension 

E : 1 -> E -)• E -> Z 2 -> 1. 

Moreover, we have seen that the second obstruction is the cohomology class of this 
extension in £f 2 (Z2, E), and that a solution to the second obstruction is a splitting 
of this sequence, up to conjugation by an element of E. 

So our next goal is to understand if the sequence E splits. For this, we would 
like to understand the structure of the group E better, and for this reason, we 
will describe now the invertible k^H bimodules with support in A4 (these are the 
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elements of E which goes to the nontrivial element in Z2). We begin by choosing 
such an invertible bimodule X explicitly. It should be of the form X = m <g> V, 
where V is both a left and a right k^H module. The interaction between the left 
structure and the right structure follows from the associativity constraints and is 
given by the formula 

(U h ■ v) ■ U h , = X (h, h')U h ■ (v ■ U h ,). (9.2) 

The fact that X is invertible implies that V has to be simple as a left and as a right 
fc^ff-module. Assume that V is from Subsection 19.11 as a right k^H module, 
where tfi is some character of H^. We need to define on V a structure of a left 
H -module. By Equation O we know that 

(v-U th )-U h ,=x(h,ti){vU h ,)U th . 

By Equation and by the simplicity of V, we see that this means that we must 
have 

U h -v = v(h)v ■ U th (9.3) 

for some set of scalars {v(h)}h£H ■ An easy calculation shows that these scalars 
should satisfy the equation 

v(ab)ip(a,b) = v{a)v{b)^(t b ,t a )cj)(t a t b t^) 

for every a, b £ H . In other words- 

d(u<t>(t-)) = il>(a,b)/il>(t b ,t a ). (9.4) 

Since Af is cr-invariant, we do know that the cocycles ijj(a,b) and tp{tb,t a ) are 
cohomologous, and therefore such a function v exists. Notice that we have some 
freedom in choosing v- we can change it to be vr\ where r\ is some character on 
H. It is easy to see by this construction that the invertible k^H bimodules with 
support in A4 are parameterized by pairs (cf>, v) where is a character of H by 
which it acts from the right on the module, and v is a function which satisfy the 
equation 

dv{a,b) = ip(a,b)/tl;(t a ,tb)<f)(t ab t~ 1 t h ~ 1 ). 

We denote the corresponding invertible bimodule by X(<fi, v). It is possible to choose 
ijj and th in such a way that will assure us that v\h^ is a character (for example- 
take -0 an inflation of a cocycle on H/H 1 ^ and take fj = 1 for /1 6 H^. We will 
thus assume henceforth that this is the case. 

We fix an invertible bimodule X for which 0=1, and for which the restriction 
of v to H 1 - is the trivial character (we use here the fact that we can alter v by a 
character of H and the fact that any character of H x can be extended to a character 
of H). It is also easy to see that we can choose (j> as we wish because for every 
choice of <j>, Equation 19 .41 will have a solution. One last remark- notice that in that 
case, where H 1 - acts trivially from the left and from the right, Equation 19 . 31 implies 
that v(h) depends only on the coset of h in H . We can thus consider v also as a 
function from H/H- 1 to k* . 

In conclusion- we have fixed an invertible bimodule X with support in M. upon 
which H acts trivially from the left and from the right. Any other invertible 
bimodule with support in A4 will be of the form X (^k^H e fo r some e £ E. The 
action of the nontrivial element a of Z2 on E will be conjugation by X, and the 
second obstruction is the possibility to choose an e £ E such that 



(X (g> e) ® k i, H (X<S>e) = k^H. 
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9.4. The action of a on E, and an explicit calculation of the second ob- 
struction. We would like to understand now the action of a on E. This in turn 
will help us to understand the second obstruction. 

As we have seen, a general element in E will be a bimodule of the form U ai> \. 
So we would like to understand what is the bimodule cr(U ai ,x)- 
We have the equation 

X ® k i, H U ai .x = <r(U ai ,\) ®k^H x - 

A similar calculation to the calculations we had so far reveals the fact that if X 
is given by {l,v) then U au \ ® k i> H X is given by (x{au — ), ^Ax~ 1 (a i , t-)), while 
X ®k^H U ai ,\ is given by (A , ^x _1 (ai, — )A(t_). From these two formulas we can 
derive an explicit formula for the action of a on E. It follows that if <j{U ai ,\) = U aj ^ 
then j is the unique index which satisfies A -1 = x( a j> — ) 011 H , and /i is given by 
the formula /j, = x _1 (ai, — )A(i_)x(cij, t_). 

Let us find now the second obstruction. For this, we just need to calculate 
Q := X ®ki>u X. Consider first X <E> X. It is isomorphic to V <E> V <E> Q ae ^(V a ). 
The bimodule Q is the quotient of X ® X when we divide out the action of k^H. 

Let us divide out first by the action of H . If h £ H we see that we divide 
V ®V ®V a by j) ® w - x(a, h)v ® w. If a ^ H then there is an h G i? such 
that x( a i h) 7^ 1- Therefore the support of X ®k<f-H A will be Fecjj. Since V is 
simple as a left and as a right /c^-ff-module, it is easy to see that V ® k i, H V is one 
dimensional. We thus see that X <S>k^H X = Ui t \ for some character A. A direct 
calculation shows that A(/i) = v(fi)v(th)- This means that the second obstruction 
is the character A, as an element of H 2 (2,2, E) — E a /im(l + a) (recall that H is a 
subgroup of E). 

Suppose that the second obstruction does vanish, and suppose that we have 
a solution X{<j),v). In other words X(<j),v) X(cf),v) = k^H. A direct cal- 

culation similar to the one we had above shows that the restrictions of <f> and 
v to H coincide. Recall from Section [5] that if U ai ,\ is any invertible k^H- 
bimodule with support in VecA, then this solution is equivalent to the solution 
U ai ,\ ®k*H A(0, v) ®k*H U~ ^. Extend the character i> H ± to a character 77 of H. 
A direct calculation shows that Ui tV ®k*H 

AO, v) <g> ki , H = X(l, v'). It follows 
that we can assume without loss of generality that 0=1. 

As we have seen above, X(4>, v)® 2 = k^H if and only if v(h)v(th) — 1 for every 
h G H. So the second obstruction vanishes if and only if there is a function v which 
satisfies equations 19.41 and also the equation 

u(h)v(t h ) = 1 (9.5) 

for every h G H. It might happen, however, that we will have two different solutions 
v and z/, that will be equivalent- that is, there will be an invertible k^H bimodule 
U ai ,x such that U ai ,\ ®k*H A(l, v) ®k^H U~ ^ = X(l,p'). A careful analysis shows 
that this happen if and only if the following condition holds: there is a character rj 
on H which vanishes on H 1 - , such that 

v{h)lv'{h)=r,{h)h{t h ). (9.6) 

In conclusion- the second obstruction is the existence of a function v : H — > 
H/H 1 - — > k* which satisfy Equations 19.41 and 19.51 and two such functions v and v' 
give equivalent solutions if and only if there is a character rj of H which vanishes 
on H 1 - and which satisfies Equation 19.61 

9.5. The third obstruction. As explained in Section [51 after solving the second 
obstruction, we can think about the third obstruction in the following way: we have 
an invertible k^H bimodule X with support in M, and X X = k^H . We 
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would like to turn H © X into an algebra in C. The only obstruction for that 
(and this is the third obstruction) is that the multiplication on X eg) X ® X might 
be associative only up to a scalar. This scalar is the third obstruction, considered 
as an element of i? 3 (Z2, k*) = {1,-1}. Following the work of Tambara (see [9]), 
we see that this sign is the sign of the following expression 



If the third obstruction vanishes, we only have one possible solution, as H 2 (Z2, k*) = 
1, since we have assumed that k is algebraically closed. This finishes the proof of 
Proposition EBI 

9.6. Relation to the Tambara's Work. In [9J, Tambara classified all fiber func- 
tors on Ty(A, x, t). In the language of module categories, he classified all module 
categories over Ty{A, Xi T ) °f rank 1. In the language of our classification, he de- 
scribed all module categories whose parameterization begins with (A4 (A, tp), Z2, . . .) 
for some ip. 

There is a deeper connection between our result and the result of Tambara, as 
we will show now. Assume that we have a module category over l~y(A, x, r) whose 
classification begins with (Ai(H, tp), Z2, . . .). Then, as we have seen, H < H, and 
X induces a nondegenerate symmetric bicharacter \ in H :— H/H- 1 . We thus have 
another Tambara Yamagami fusion category T> := Ty{H 1 \,t) 1 where f has the 
same sign as r. In order to explain the connection, we first recall the following 
theorem of Tambara (Proposition 3.2 in [9]) 

Theorem 29. Fiber functors on T> correspond to triples (s,ip,v) which satisfies 
the following coherence conditions: 



Two such triples (s,ip,v) and (s 1 , if)' , v') will give equivalent fiber functors if and 
only if s — s' and there exist a function <f> : H/H — > K such that ip = dtf^' and 



Remark 30. This is not exactly the original formulation in Tambara's paper, but 
it is equivalent. 

The following lemma is now an easy corollary from Proposition [55] and the above 
theorem. 

Lemma 31. There is a one to one correspondence between equivalence classes of 
fiber functors on T> which corresponds to triples which contains the two cocycle tp and 
module categories over C whose parameterization begins with (J\A{H,ip),l2, ■■■)■ 

The Lemma says that we have a correspondence between fiber functors on one 
Tambara Yamagami category and some module categories oevr another Tambara 
Yamagami category. However, we do not know about a plausible explanation of 
why it happens. 

We can now use the results of Tambara to obtain another description of our 
module categories. Indeed, in his paper Tamabara gave several description of fiber 
functors of T>. Applying Theorem 3.5 from [S], we get the following 



E v{fl)T. 




s(a)—a 



v{h)/v'{h) = <f>(h)/cl>( S (h)) 
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Corollary 32. Let Ty(A, x> t), M(H,ip) be as above. A ssume that < H and 
that Rad(ip) = H . Then the different ways to put on A4(H,ip) a Ty(A,x,T)- 
module structure are parameterized by pairs (s,[f) where s is an involutive auto- 
morphism of H/H^ , and /i : H s /H s — > k* satisfy 

X(a,b) = ^(s(a),b) 

fj,(a)n{b)/n{ab) = x(a,b) 
sign(fi) — sign(r) 

Here H s is the subgroup of s -invariant elements, H s is the subgroup of elements of 
the form as (a) , The map x is the induced bilinear form onH s /H s (one of Tambara's 
result is the fact that this is indeed well defined), and sign(ji) is the sign of fi as a 
quadratic map (It is quite easy to show that H s / H s is a vector space over 1i and 
therefore we can talk about this sign). See Tambara's paper [9] for more details. 

9.7. Dual categories. In this subsection we shall give a general description of the 
dual categories of Ty(A, x, T )- First recall (see [5]) that if C = Mode — L is a 
module category over a fusion category C, where L is an algebra in C, then the dual 
category (C)* c is equivalent as a fusion category to the category of L-bimodules in 
C. 

We begin with duals with respect to module categories of the form £ = M(Af, 1, <J>, 
In this case, C = Mode — k^H for some H < A and some two cocycle ip. We have 
described above the category of fc^iJ-bimodules with support in VecA- We have 
seen that it is a pointed category with an abelian group of invertible objects, which 
we have described in Subsection 19.21 Consider now the /c^ii-bimodules with sup- 
port in M.. Following previous calculations, we see that such a bimodule is given by 
a vector space V which is both a left and a right fc^TJ-module, and the interaction 
between the left and the right structure is given by the formula 

(U h ■ v) ■ U h > = x(h, h')U h ■ (v ■ U h >). (9.7) 

We can think of such modules as k e [H x i/]-modules, where 9 is a suitable two 
cocycle. By this point of view, the isomorphism classes of indecomposable modules 
is in bijection with the characters of Rad(9) < H x H . Let us denote the inde- 
composable module which corresponds to a character £ of Rad(9) by V£ . A routine 
and tedious calculation shows us that the group of invertible fc^TJ-bimodules with 
support in VecA acts on the modules with support in Ai via the following formulas: 

U au \ ® B V C = V(A, x (o < ,-)X 

Vq ®b U au \ = V( x -i( ai _ )y x- 1 )C 

We know that the dual category is graded by Z2 in the obvious sense. We use this 
fact in order to conclude the following multiplication formula: 

V C ® B V V = U aitX 

(A,x(o i ,-))i*(» 7 )=C 

where by t*{rj) we mean the composition of n with the map H x H — ► H x H 
given by (ft.1,/12) ^ (^2,^1)- Notice that by the analysis done in Section [8] and 
by the observation that the group of invertible bimodules with support in VecA 
acts transitively on the set {Vq}, we see that the dual is pointed if and only if the 
category C is a- invariant. 

We consider now module categories of the second type. By this we mean cate- 
gories of the form C = M{N, (a), <&, v, (3). Assume that C — Mod — VecA-M(H, if)) 
over VecA- Then o~{H, ip) = (H, ijf) and we have an action of a on the abelian group 
E of invertible bimodules with support in VecA- We have an equivalence of fusion 
categories (VecA)*c — Vec 1 ^ for some three cocycle u € H 3 (E, k*). 
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We have seen in Section [7] that the dual (C)* c will be the equivariantization of 
this category with respect to the action of Z2. If, for example, we would have 
known that & = 1, then this equivariantization would have been equivalent to the 
representation category of the group Z2 x E In general, the description of this 
category is not much harder. 

We conclude by observing that Ty(A, x, t) is group theoretical if and only if 
there is a pair (H,ip) such that a(H,ip) = (H,ip). This gives an alternative proof 
of the fact that Ty(A, x, T ) is group theoretical if and only if the metric group 
(A, x) has a Lagrangian subgroup (see Corollary 4.9 of [S]). 
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